BEJTOPYCCKNI DKOHOMMNYECKUN JKYPHAJL 2026. Ne 1. C. 113-135,
Belarusian Economic Journal. 2026. No 1. PP. 113-135

MATEMATUYECKUE MO/EJIN YIIPABJEHUA
ONMHAHCOBBIMHN AKTHUBAMU

M.II. [IsimkoB, C.M. [IsimkoB, E.B. Bparkosckuii, C.II. MakapeBu4’

Awunoramus. B manHoil paboTe mpecTaBaeHbl BADHAHTHI PUIOKEHUSI TEOPUH OTITUMATIBHOTO YIPaB-
JIEHUST K 3a/adaM 9KOHOMHMYECKOTO COJep/KaHus. B 4aCcTHOCTH, pacCMOTPEHBI MaTeMaTHYECKHE MOJIEN
3aa4 O PalMOHAILHOM WCIOJIb30BAHUKM (DPUHAHCOBBIX aKTUBOB U CIIOCOO0B (DMHAHCHPOBAHUSI CBOMX
MHBECTHUIINIL 32 CUET COYETAHM HEPACIIPEAEIEHHO IPUObLTN 1 BHENIHErO KannTaia. s pemenus sTux
3a/1au TPEJIATAETCs MPUMEHUTH TIPUHITAIT MakcuMyMa [IoHTpsITHHA, pa3pabOTaHHBIA B TEOPUM ONITUMHU3a-
1Y I ITHAMUYECKMX CHCTEM yIpaBieHus. B KoHTekcTe (MHAHCOBBIX onepannii 00CyKaaeTcst 9KOHO-
MUYECKNH CMBICI TaMHUJAbTOHUAHA W CONPSIKEHHBIX IIEPEMEHHBIX, C ITOMOIIBI0 KOTOPBIX OIPENEISETCS
onTuMasbHoe penieHue. [IpuBeeHo peleHne UTIOCTPATUBHBIX TPUMEPOB U JIaHO UX TpaduuecKkoe mpej-
craBierue. O6CYKAAOTCS BapuaHTBl 0600IIEHUST MOIeIeil TP Pa3IMUHBIX OTPAHUYEHUSX Ha (PUHAHCO-
BEIE OIIE€PAIUN.

KmoueBble cioBa: (hMHAHCOBBIE AKTHUBBI, ONITUMAJIbLHOE yTIPaBJIeHNE, TPUHITUT Makcumyma [TonTpsiru-
Ha, COTIPSI’KEHHbIE TIepeMeHHbIe M X 9KOHOMHYECKUHI CMBICJI.
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Beenenune. B pannoii pabore ommchiBaeTCs OAWH M3 BO3MOKHBIX BapMaHTOB IPHJIOKE-
HUSI TEOPUU ONTHUMATBHOTO YIPaBJIeHUS K 3ajadaM 3KOHOMUYECKOTO cojiepsKaHus. B gacTHo-
CTH, 3ajlada pPallMoOHaJIbHOTO MCIOJb30BaHUS (PUHAHCOBHIX AKTUBOB IPEJICTABISETCS B BUJIE
3a/lauM ONTUMAJIbHOTO YTPaBJEHUS AJS JUHEHHON AWHAMUYECKOW cHCTeMbl. Takoil Moaxo
MMUPOKO WCTIOJTb3YeTCS MPH MaTeEMaTUYECKOM MOJIETUPOBAHUM TIPOIIECCOB PA3JTUIHON TPUPO-
nb1 (TaGacos, Kupumnosa, 1974; Tanees, Tuxomupos, 2000; Dymkou, Dymkov, 2014; [bixra,
Camconiok, 2003). B obnactu (GpUHAHCOB BasKHBIM SIBJISETCS BOIPOC O MPUHATHH PerieHuit
OTHOCUTENbHO WHBECTUIMOHHOW W IUBUAEHAHON HMOJUTUKU, a TaKkKe CIOCOO0B ee (pUHAHCHU-
poBaHMS Ha ompedeseHHbl mepuog. K takum crmocobaM (rHAHCHPOBaHUS OTHOCUTCS pere-
HUe O BBINYCKE aKIUi, yJep:KaHue IPUObLIN, 3aMMCTBOBaHUEe M T. A. Takue CUTyallid MOKHO
TaKyKe MOJEJIMPOBATh KakK 3amadn omrTuManbHoro ympasienus (Cwmonsk, 2004; Elton, Gruber,
1975). Hekoropble u3 9TUX MOjeJieil JOCTATOYHO TPOCTHI M TEM He MeHee Mal0T TT0JIE3HYIO
WHOOPMAITHIO /IS aHaJM3a W TIOCJIeyIONIero MJIaHuPOBAHMUS.

B sT0ii paboTe MBI paccCMOTPHUM 3aJaduld yIPaBJEHUS OCTATKOM JE€HEKHBIX CPEICTB U
OTITUMAJBHOTO (UHAHCUPOBAHWS CBOWX WHBECTHIIMI 3a CYET PAIMOHAJIBHOTO COYEeTaHUS
HepacupegeJeHHON MPpUOBIIN ¥ BHEINIHETO KamuTajaa, MPUYeM B PasHBIX IPOMOPIHAX,
KOTOPble MOTYT WM3MEHSIThCS C TedenueMm BpemeHu. llepmas 3asaya B TpocTeiiliieM Buje
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MPEACTABISICT COOOM mpodIeMy KOHTPOJS VPOBHS OCTarka JACHEKHBIX CPEACTB KOMIAHWH AT
VAOBJICTBOPCHHUS CIPOCa HA ACHEKHBIC CPEACTBA NPU MHHUMAIBHBIX 00X H3AcpxKaxX. Bropas Baxnas
mpodiaeMa B (PUHAHCAX 3AKIIOYACTCS B ONPCACICHHM ONTUMAITBHOU CXCMBI BBIILIATHL AUBUACHAOB U
BBIMMYCKA HOBBIX aKLHMHA C TCUCHHCM BPEMEHH [T MAKCUMM3ALUH OOIICH CTOMMOCTH (DHHAHCOBBIX
akTuBoB. B otmmuue or opMYIMPOBKH ONTUMH3ALMOHHBIX 3a4a4 B JUCKPETHOM BpeMmcHH (CMOmsK,
2004; Elton, Gruber, 1975), B paboTe npeacTaBIcHbB HEPESPBIBHBIC 3a1a4H ONTUMH3ALNH (HYHKLHOHATOB
KayecTBA TCPMHHAIBHOTO M JAPYIUX THIIOB C CCTCCTBCHHBIMH OrPAaHHUYCHHAMH Ha YIIPABIIIOLIUC
BO3ACHUCTBHS W TMEPECMCHHBIC CcOCTOsiHUA. [IpeacTtaBmsror Takke o0coObIHl HHTepec (UHAHCOBEIC
HWHTCPOPECTALUH PAa3THYHBIX (YHKUUH, TAKHMX KaK TaMUJIbTOHHAH CHCTCMBI H CONPSKEHHBIC (PYHKIMH,
BOZHHKAIOIIUC B XOAC MOCTPOCHHS MATCMATHUCCKIX MOJACIICH U MX aHATU3A.

I. Mogenn 3amauu 6ananca ¢puHAHCOBBIX cpeacTB. PaccMoTpuMm QupMy ¢ H3BECTHBIM CIPOCOM
Ha JCHEKHbIC cpeacTaa. g odecneueHns 3Toro cnpoca GpupMa A0KHA UMETh COOTBETCTBYIOIINH 3amac
Haau4aHBIX cpeacTB. C 0MHOM CTOPOHBIL, ecu pupma OVACT ACPKaTh CIUIIKOM OOMBIION 3aMaC HATUIHBIX
JCHETr, OHa OVACT TEpiTh ACHBIU C TOYKU 3PCHUS VIVIICHHOH BBITOABI, MOCKOIBKY (rpma MoxeT
MONYYHTE 0OJIEE BHICOKYIO NPUOBLITE, IOKYNAS HAACIKHBIC aKTHBbI, HAPUMED, aKLHH, OONIUTALNH U T. II.
C apyroii cTopoHBI, €cid (HUpMa HMEET CIHIIKOM MaJblH 3amac HAIMYHOCTH, TO OHA BBIHYKACHA
MPOAABAThH LICHHBIC OyMaru Ajisi 0OCCIICUCHUS CIPOCa Ha HAMYHBIC U, CICI0BATCNBHO, JODKHA TIATHTh
KOMHCCHOHHBIE OPOKEPY U HECTH YOBITKH.

Takum o6pazoM, 3a1a4ya COCTOUT B HAXOXKACHUN OanaHca MEKIY CIPOCOM HA HATHYHBIC ACHBIU U
paLMOHATBHOM BIAJCHUN APYTUMH AKTHBAMH.

1. IMocTanoBka 3amaun. 11 KaKIOTO MOMCHTA BPCMCHH !, te[O,T ] nycte x(f) oOo3HaYacT
OCTATOK HAJUYHBIX JCHEr (B Jo/utapax) Ha MOMEHT f, »(f) — 00BeM ApYyrux akTtueoB, d(f) —
MHTCHCUBHOCTD (WJIM MTHOBEHHAS! CKOPOCTB) CIPOCA HA HAJTHYHBIE ACHBIH, 7 (f) — MPOLCHTHAS CTaBKa,
HAUYHUCICHHAs HAa OCTATOK JCHEKHBIX CPEIACTB, 7,(f) — MPOIECHTHAS CTaBKA, HAUHMCICHHAS HA OCTATOK
LEHHBIX Oymar, #(f) — Temn (MHTCHCHUBHOCTh HIH CKOPOCTb) MPOJAXK LEHHBIX OyMmar, MpHYeM
OTPHULATECIFHOE 3HAYCHHC WHTCHCHUBHOCTH MPOAAX O3HAYACT MOKYNKY, HPH 3TOM MPCANONaracM, 4To
MOKYIIKA WM MPOAAKA LICHHBIX OyMar NponcXoJuT MrHOBCHHO. O003HaYHM 4epe3 ¢ — KOMHCCHOHHOC
BOZHArpa)<acHue Opokepy (Hampumep, 3a 1 momaap CTOMMOCTH HPOJAHHBEIX HIM KYIUICHHBIX LECHHBIX
Oymar), 7 — rOpH30HT IUIAaHHpOBaHH:. byaem mpeamonarate, 4TO MTHOBEHHAS CKOPOCTh HM3MCHCHUS
HAJIMYHBIX JCHET U LCHHBIX Oymar omuchiBacTcs cieayiommmu yvpasHeHmsMu (Krousem, 1973; Sethi,
Thompson, 1970):

% =rn(Ox()-d()+u(t)—a -|u(r)

>

(D

%: () ¥(1) = 10(0). ¥(0) = ¥, 1(0) = x,.

[Ipexnonaraercs, 4To B Ka4decTBE VIPABICHHUS paccMmarpuBacTcs (QYHKUUSA u(f), YIOBICTBO-
PAIOIIAS OTPAHHUYCHUSM!
U, =u(t)<U,. 2)
OtveTuM, YTO OTpULATeabHOC 3HaUeHUE #(f) <0 o3Ha4acT (PakT MOKYNKH (PHHAHCOBBIX CPCIACTB,
MOJIOKUTCIbHBIC 3HAa4YCHuUs u(f) >0 — mpomaxy cBoux aktuBoB. Ilostomy B (1) cmaraemoe a-|u(r)|
oTpakact (PaKT MPOBEACHUS TPAH3AKLMH (HCBAYKHO KAKOM).
3ajaua ONTHUMH3ALMHN 3aKTIOYACTCS B HAXOXKACHUHM yOpaBicHUS u(f), te[O,T ], TaKOro, 4TO

(hYHKLIMOHAT KaueCTBA BHIA
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J(u)=x(T)+ y(T') > max 3)
JOCTUracT MAKCUMyMa Ha PCUICHHUSX CHUCTeMbl ypaBHeHud (1) mpu 3agaHHbIX OrpaHndcHusx (2) Ha
VIPaBJICHHC.
OnTrManpHYIO CTPATErHI0 MPOJAXK M TMOKYIMOK LICHHBIX OyMar OmpeJcinM B COOTBETCTBHH C
npuHpnom Makcumyma [lonrpsaruna (I'aGacos, Kupunnosa, 1974; Heixta, Camconrok, 2003), BeiOupas

u(t) Tak, YTOOBI MAKCHMH3HPOBATh TAMHIBTOHHAH CUCTCMBI YIIPABICHHUS
H(x,y,p 0=y (nx—d +u—alu)+y,(ny—u). )
31ech CONPSUKEHHBIE IEPEMEHHBIE Y (1), W, (1) yA0BIeTBOPAIOT AuddepeHIHATBHEIM YPABHEHUSIM

dy, (t OH (x,y,w,u.,t
Wl():_ ( yl// ):_l//ll/i([), l//l(T):L

dt ox 35)
dy . (t OH (x,y,w,u.,t

l//2():_ (x.0.p ):_V/zrz(f)a w,(T)=1

dt Oy

HNuTteprnperaunsi CONMpPSIKEHHBIX MEPEMEHHBbIX H FAMHJIBTOHHAHA CHCTeMbI. CONPSKCHHBIC
nepeMeHHbIe i (1), /,(f) HMEIOT NMPUMEPHO TAKOH K€ CMBICI, KaK M ABOHCTBCHHBIC IEPEMEHHBIE B
JAUHCHHOM (M HCTMHCHHOM) MPOrpaMMHUPOBAHUH. PazHUIA B TOM, YTO 34CCh COMPSIKCHHBIC MICPEMCHHBIC
3aBHUCAT OT BPSMCHH U YI0BICTBOPSIOT CHCHHAIBHBIM Tu(HHEPCHIMATPHBIM YPABHCHUSIM, TOCTPOCHHBIM
o mapaMeTpaM UcxoaHoH 3agaun. COMpspKEHHBIC MEPEMEHHBIC HMEIOT CCTCCTBCHHYIO HHTCPIPETALIHIO!
w,(t) — oto Oyaymas cToUMOCTb (B MOMEHT BpeMeHH ) | mommapa, XpaHAIIETocs Ha AEHEKHOM CUETE C
momeHta ¢t gm0 1", a w,(f) — 910 Oyaymas crommMocTh | moitapa, BIOKEGHHOTO B IIEHHBIE OyMaru u
XpaHSIIErocst Ha cuete ¢ MoMeHTa { a0 1. dpyrumu caosamu, w(t) = (y, (1), y,()) — 3TO mpeaenbHas
CTOMMOCTh CIHMHUIBl KANHUTAJa B MOMCHT BPEMCHH [, KOTOPYHO) TAaKXe HA3bIBAIOT TCHEBOW LICHOM
€AMHHLBI KanuTada B MOMEHT BpeMeHH . B wactnocTh, yw(0) = (y,(0),,(0)) ecTs npeaenpHas CKOPOCTh
M3MCHCHUSI MAKCHMAJIBHOIO 3HAYCHHS ICJACBON (PYHKIMU MO OTHOIICHHID K WU3MCHCHHIO HAYAJIbHOTO
ocroBHoro kamutana(x(0), y(0)). Orverum Takke, UYTO ramMuiabTOHHMAH H(X,y,W,u,1) MOKHO

HHTCPIPETHPOBATh KAK CYMMApPHYIO (OT NPSMBEIX M HENPSAMBIX BIOXKCHUIH) HOPMY NPHOBLTH, KOTOpas
JOJDKHA OBITE MAKCHMH3HPOBAHA B KXKIBIH MOMEHT BpeMeHH ¢ . Toraa ypasHeHus (5) Ans CONPSIKEHHBIX
HNEPEMEHHBIX MPEBPALIAOTCS B COOTHOLICHUSI PABHOBECUS — MPEACIbHBIC U3ACPKKHA PABHBI MPEACIbHOU
BBIPYUKE, YTO KOPPEIUPYET € MOJOOHBIMH MOHATHAMH B 3KOHOMHUYCCKOH nurepatype. Takum oOpaszom,
CONPSLKECHHBIC TEPEMEHHBIE MMEIOT E€CTECTBEHHYIO HHTCPOPETALMID — KaK aKTyapHbIE OLICHKU
KOHKYPEHTHBIX HHBECTHLIUU B KKl MOMEHT BPEMCHHU.

Pewtenne 3agaun. B nannoi pabore HAXOKICHUE ONTUMATIbHOH CTPATEIHU MPOAAXK U MOKYIIOK
LCHHBIX OyMar OCHOBAaHO HA MPUMEHCHHUH nOpuHImna MakcuMyMma [loHTtpsruna. CormacHo sToMy

npuHimny TpeOyercs Haitm  ymkmmio  u°(f),f €[0,7] Tak, uTOGH TAMHIBTOHHMAH CHCTEMBI,
BBIYMCIICHHBIN 1A MEPEMEHHBIX COCTOSHHSA X' (f)HM CONMPSKEHHBIX MepeMEHHBIX ' (f), HalJeHHBIX H3
ypasuennii (1) u (5) mpu 3amamnoM ympasnesun u(t) =u"(¢),t €[0,T], COOTBETCTBEHHO, JOCTHTAT
maxcumyma H(x°,y°,w’ u’ 1) =max H(x°,)°,y",v,t) npu orpanrucHmsxX -U, <v<U,.
v
HeTpyaHo BUACTh, UTO pelucHUEM ypaBHEHHH (5) SBISIOTCS GYHKIUH

T T
A (r)dr J'rz(r)dr
t

pi(=e . p()=e (6)
Hnst yaoOcTBa BBIMOAHCHUST BBIYUCACHUH B (4), CBSI3aHHBIX C aOCOMFOTHOW BEIWUYHHON ||,

OpCaACTABUM MCPCMCHHYIO YITPABJICHUA KAK PA3SHOCTD ABYX HOBBIX HCOTPULATCIBHBIX IICPCMCHHBIX!
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u=u —u,,u, 20,u, >0 npu ycnosuu, 4to i, =0. )
Torma |u|=u, +u, U clIeaOBATEIPHO HEMUHEHHAS (QYHKOMA || NPEeACTaBISAETCS KakK JIHHEHHAs ¢
JOTOTHUTEIbHBIM KBAAPATUIHBIM OrpaHudcHueM uu, =0. Jpyrumu crnosamu, u =u,, ecmn u>0n

u=u,, cCIu U <0. 3aM€TI/IM, UTO KBAAPATUIHOC OTIPAaHUYICHUC UL, =0 aBTOMATHYCCKH BBIMOIHICTCS

JUTS OITUMANBHOH CTPATEruH, Tak Kak (upMa HUKOTIA HE TOKYIACT H HE MPOAACT OAHOBPEMCHHO OJHH U
Te ke UeHHble Oymaru. Takum oOpazoMm, 3amady MakCUMH3ALMH HenuHewHoW ¢vHKuuu (4) 1o
MEPEMEHHOW || MOXHO CBecTH K Ooyice MPOCTON 337ade MAaKCHUMHU3ALWU JIMHCHHOW (PVHKUMH 1O

HNEPEMEHHBIM #, WM 14,. B COOTBETCTBHH ¢ TPOBEJCHHOHW 3aMEHOH NEPEMEHHBIX YIPABICHUSL
raMHIbTOHHAH (4) mocne npeodpazoBaHUui MPUMET BUA!
Hx,y,pu,0) =y, (hx —d +u—alu)+y,(ny —u) =
=u[(1 =)y =y, |~ |+ oy, —ys [+ ys (Rx —d) +yany. ®)
Takum oOpasom, 3agada MaKCUMH3ALUS raMunbToHWana H(x,y,y,u,f) 10 NOECPCMCHHON
1 CBOTUTCA K TIOUCKY MAKCUMYyMa JINHCHHOU (PYHKLINK
V=ul(l-a)y, —y, | —u[(1+a)yq —y,]
IO ABYM NEPEMEHHBIM 1, 14, TpH orpannueHuIX (2) u (7). B urore, xak HETPYJHO BHIETH, PELICHUE

3a/1a91 ONTHMH3ALNH HMEET BUX U = ulo —ug , TIC

0, ecmu (1-a)y, () —w, (1) <0, 0, ecmn -(1+a)y, (1) +w,(t) <0,
ulo ) =4Q®, ecmu (1-a)y, (1) —yw, (1) =0, ug(t) =1®, ecmu -(1+ o)y, (1) +y, () =0, ©)
U,,ecrn (1-a)y,(t) —w,(t) > 0. U,.ecmu -(1+ o)y, (1) +y,(¢) > 0.

Hpyrumu croBamu, pelICHHE, NPSACTABICHHOS B (9), OMHUCHIBACT ONTHUMAIBHYIO CTPATCTHIO
noseneHus ¢upmel. Tak kak #,(f) ¢ y4eTOM HAammX OOO3HAYEHMH O3HAYACT KypC MPOAAXKH LEHHBIX
Oymar, 1o (9) roBoput, uto ecau (1—-o)y, (1) —yw,(£)>0, T. e. ecnu Oyaymas CTOMMOCTb AO/Iapa 3a
BBIYCTOM KOMHCCHH Opoxepa Oolblie, ueM OyayIas CTOMMOCTb LICHHBIX OyMar B A0J1apax Ha KaKOM-TO
MPOMEKYTKE BPEMCHH, TO ONTUMATBHBIM HA 3TOM MPOMEIKYTKE BPECMCHU SIBJISICTCS MPOoAaka (PUHAHCOB ¢
MaKCHMAJIbHOH HHTCHCHUBHOCTBIO, U HE MPOJABATh HX HA 3TOM MPOMEKYTKE BPEMCHH, ©CJIH 3TH Oy Ay IINe
3HAUCHHS YAOBJICTBOPSAIOT oOpatHeiM HepaBeHCTBaM (1l —a)y, (f)—y,(t) <0. Cayuaii, xorga
BBINOJTHAECTCA PaBeHCTBO (1 —or)y, (t) —y, (1) =0, Ha3pIBaIOT OCOOBIM U IPH 3TOM NOBEACHUE & (HupmbI
He ompeacncHo. PDaktuuecku 310 o3HauacT UHAUGQPECPECHTHOCTE KaK K MPOJAXKE, TAK U K MOKYIKE.
Herpyano yoeauThest, 9TO paccMaTpUBACMbIH OCOOBIN CIIyYal HE MOXKET MOAACPKUBATHCS HU HA KAKOM
KOHEYHOM IIPOMEXKYTKE BPEMEHH. AHAIOTHYHO, 1,(f) MPEACTABIACT COOOH NMPHOOPETEHHE HEHHBIX
oymar. Toraa Mbpl MOKyHaeM, HE MOKYIACM WM HCHTPAIbHBI HA HEKOTOPOM IMPOMEKYTKE BPCMCHH B
3aBHCHMOCTH OT 3Haka BeipaxeHUs —(1+a)y; (1) —w, (1), T. €. ecnu OyAymas CTOMMOCTh J0JIIapa IITIOC

KOMHCCHSI Opokepa MEHbIIC 4YeM, OOJbIIC YeM HIH paBHA OyAVIICH CTOMMOCTb LICHHBIX OyMar,
COOTBETCTBEHHO.

Ormernm, uro ecmu (1 —a)y, (1) =y, (1), 10 (1+a)y, () >y, (1) . Toraa, Tak kak () >0, To KaK
caeayet u3 (7) mmeem u, () =0. Aranoruuno, ecmu (1+a)y, () <y, (f), To (1-o)y, (1) <y, (t). Torma,
ecmn u,(1)>0, 10 m3 (7) caemyer u(f)=0. JpyruMm croBaMu, IPH ONTHMANBPHOH CTPATErHU

KBaApaTH4HOE orpanudeHue u,u, =0 B (7) Bceraa BBIOTHSIETCS.
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Ha puc.l n3obpakeHo onTHMaldbHAS CTpaTCerusl MOBCACHHS (QUPMBI C TCUCHHUEM BPECMCHH 1,
te[O,T ] B 3aBHCHMOCTH OT IOBEACHHUS COMNPSDKECHHBIX IEPEMEHHBIX W/ (7),y,(f). Ilepsas ueTBepTh
KOOPAMHATHOH ITOCKOCTH pa3OHBACTCs HA TPU 00IaCTH B 3aBUCUMOCTH OT NPCANPHHUMACMBIX ACHCTBHN

(mpomaBarte WM TOKyNaTh AKTHUBbBI), BKIKYAs M CIydal, KOTAA HE CIACAYST MPUHUMATh HHUKAKHX
achcTBui. JlBe mpsMBIC MPEACTABISIOT JTHHUIO 0CO00ro ympasicHus. Ha 3ToM pucyHKEe H300pa)keH

VCIOBHBIM INPUMEP BO3MOXKHOTO MOBEICHHS TPACKTOPHH COIPSDKCHHBIX TNEPEMEHHBIX W, (1), ().
CormacHO 3TOH TPASKTOPHU, UMEETCS OJUH MEPHUOA BPSMCHH MPOAAXH, JBA MCPHOJA MOKYIKH H TPU

MEPUOJA COXPAHCHHS AKTHBOB (PHPMBIL.
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Puc.1. OnrumarmeHas cTpaTeTwsa (PHPMBI B 3aBHCHMOCTH OT HOBCACHHAS COTPSIKCHHBIX

nepeMeHHbIX Y, (1), y, (1)

Hemounux. ABTOpCKas pazpaboTKa.

Eme oaun HarmgaHelii cnocol rpaduveckoro OTOOPAXKCHHS ONTHMATIBHOM CTPATCTHH  YIIPABICHHS
w, (1)
w, (1)

Ilpumep 1. Jlng wWnaoCTpanuyl HM3NOKEHHOM MOJEIH PacCMOTPHUM TMIPUMEP C YCIOBHBIMH

AKTHBAMHU C TCUCHUCM BPSMCHH MPUBCICH HA puc.2 B KoopauHarax suna (£,0), rae O(¢) =

YUCIIOBBIMH Xapakrepuctukamu. [Tycts

K()=0.5, ()=04, d{)=2, x, =y, =15, U, =U, =5, a=0.01, T'=1.

Haiinem ¢ymxmmm (1), y, (1), €[0,1] HeoOxogumMele AIsS TOCTPOCHHS ONTHMATBHOTO

yopasiacHus o Gopmyne (9) u ero mpeacrasicHus B BuAe rpaduka, npeactasicHHOro Ha puc.2. Torma

u3 (6) umeem

T 1
jrl(r)dr jo.sdr
__05-05t

w () =e’ =e'  =e . w()=e

r(t)dr

e S

_ 00t o(t) = l/’z([) _ 0101
w, (1)
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g Dasmaweny . Deepee Qonpesrrs | Thoaswsse Donpaaies oopadesg T

iy iy £y ty in

Puc. 2. OnruMassHas crparerist (GHPMBL B KOOPAUHATAX BHIA (r,ﬁ)
[ 4

Hemounux. ABTOpCKas pazpaboTKa.

®ynxmus 6(1) Bospactaromas, mpuaeM 9(0)=e ' ~0.9, (1) =e’ =1. Janee, rpadux GyHKIHH
6(¢) He nmepecekaet Ha otpeske f €[0,1] npamyio y=1+a,anpamyo y=1—-a . 1. ¢. npsamyro y =0.99
nepecexaet npu ¢ ~0.9 . Kak creayer u3 (9), ONTHMATBHOS YIIPABICHHC HMECT BH

5, te[0,0.9]}

0, +(0.9,1]

0t_5,te[0,0.9] 0N =0. felO1l 16 =t 0cp) =
' () = 12 0=0, £el0lL ) = O-m =1 0oy

OmnpeaenuM Tenepb ONTHMANbHOE 3HaucHHe Kputepus kauectsa J(u”)=x"(1)+ »°(1) . Jdna storo

MOJCYNTACM ABHKCHUC HATHYHBIX ACHET, peinas nepsoc anddepennuansaoe ypasHenue us (1) ¢ yaetom
HAHICHHOTO ONTHMATBHOIO VIPABICHHS. 3aMETHM, YTO BCC MOCICAYIOIINEC BBIYHCICHUS MPOBOIITCS C
HEKOTOPOH TOYHOCTBIO, UTO B KOHTCKCTE JAHHOM PabOTHl HE SIBISICTCS CYIIECTBCHHBIM.

Ha mnpomexyrke Bpemenn f€[0,0.9] wmmeem ypasHeHHE ? =0.5x(1)—-2+5-0.05 wumm
1

? =0.5x(t)+2.95, x(0)=15, pemenueMm kotoporo smasercs ¢yskmua x°(f)=-5.9+20.9¢"" mn,
!

cnemoBatensHo,  x (0.9)~2688.  Jlanee, mnHa mpomexytke t€[0.9,1]umeeM  ypaBHEHHE

% =0.5x(t) -2, x(0.9) = 26.88, pemmennem koTOporo ecth (QyHKIma x (1) =4+14.59¢" wu, 3Hauwr,

x’(1) ~ 28.05.
Teneper omenum o0beM (/) ueHHbix Oymar. Ha mpomexyTtke f€[0,0.9] ocymecTsasiace

npoaaka NCHHBIX 6YMaI‘ ¢ MaKCHMAJIbHOH MHTCHCHBHOCTBIO Hu, CICAOBATCIBPHO, TUHAMHUKA HWU3MCHCHMSI

d
OTHCHIBACTCS  YPaBHEHHUEM ?y =0.4y()-5, y(0) =15, pelucHreM  KOTOPOro  gBmsCTCA  (PYHKLMSA
1

V() =12,5+2.5¢"" wn, zmaunr, °(0.9)~16.08. Ha mnpomexytke <[0.9,1] umMeeM ypaBHEHHE

% =0.4y(t), ¥(0.9)=16.08, pemennrem koToporo ecth Gynkmusa 3 (¢)=11.22¢"* wu, s3mauwmt,
1
' (1) ~16.74.
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Takum o0Opa3oM, 3HAYCHHC KPUTCPUS KAYCCTBA HA ONTHMAJIPHOM YMPABJICHUH PABHO
J)=x"D)+3y°(1)~28.05+16.74=44.79 .

[Ipoanamuzupyem, kakoil OyaeT cHUTvauusd B CIyiac MAacCHBHOTO MOBCACHUS, T. €. CIOH OBl
OTICPALINH «KYILTH-MPOJAKI» LICHHBIX Oymar He nmpoBoawinck. Toraa Ha untepBaie f €[0,1] HaaudHbIC

ACHBI'U PaCXoa0BAINCH OBl JTMINB HA YAOBJICTBOPCHUC TCKYLICIO CIIPOCA, a Ha UX OCTATOK HAYUCIIAINCH

dx
OBl MPOLICHTHI, YTO B COBOKYITHOCTH OMHCHIBACTCS YPABHCHUEM & =0.5x(t)—-2, x(0)=15 . Hetpyano
t

IPOBEPHUTb, UYTO PENMIEHHEM 3TOTO YpaBHEHHS sBiusercs GyHkmusa x(1)=4+11e”” mu, 3mauwmr,

x(1)~22.13. AHanoruyHo, oucHUM 0ObeM ICHHBIX Oymar Ha uatepBane f€[0,1]. Torma wumeewm

ypaBHCHHE %20.4)/(0, y0)=15 u P@)=15¢"*" . Cnemosarembro, P(1)~22.37 u cy™MMapHBIH
KaruTajl B KOHLE ropusonTa mianuposanus paseH x(1) + (1) = 22.13+22.37=44.50.

Hrak, cpaBHHBasg NOMYYEHHBIE PE3YIBTATHI, MOJIYYAEM, UTO TP HCIONB30BAHUH ONTHUMATBHON
CTpaTeruv CYMMApHBIH KallUTaJl B KOHIIE TOPH30HTA IUIAHMPOBAHMSA YBEIMUYHICA IO CPABHEHHUIO C
TTACCUBHBIM MOBCACHHCM Ha BeInmuuHy AK =44.79-44.50=0.29 .

Ilpumep 2. PaccmoTpuM mpuMep, KOTJa TEMITBI POCTA MPOICHTHBIX CTaBOK 3aBHUCAT OT BPEMEHH.

[TycTsb, Hanpumep, 3aAaHb! CICAYIOIME YCIOBHS:
1 1
rl(t)zzt, rz(t):§, dit)y=1,x,=y,=2, U =U,=5 a=0.01, T'=1.

HpOBO,Z[H BBIYTUCJICHHUS 11O aHAJIOTUH € MPUMCPOM 1, OOJIyIUM:
T T

j’i(f)d’: %(142) jrz(r)dr

1 1
~(1-1) t — (35 —4r+1)
Y0 A ) N G P A

i (1)
Oyuknua 6(f) yoriBacT Ha mpomexyrke fe€[0,2/3] u Bospactact Ha f<[2/3,1], mpu 3TOM

0(0)=e"?~1.09, 6(2/3)=¢"**~0.97, 01)=¢"=1. Ha otpesxe 7€[0,1] rpapux dysxmuu O(¢)
nepecekacT mpsmyto y=1+a=1.01 mpu £ ~0.2782, a mpamyto y=1-a =099 mpu 7 ~04 wu

£, ~0.933. Dckus rpaduka npeacTaBIcH Ha puc. 3.

i)
109

T4 a

0.97 ’

o D278 4 23 3833 1

Puc. 3. OnruManbHast cTparerus 711 IEPEeMEHHOW MPOLICHTHON CTABKH

Hemounux. ABTopckas pazpaboTka.
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Kak creayet u3 (9), onTUMaIbHBIC PEKHUMBI MTOKYIIKH U POJAK aKTHBOB 3a1ar0TCs (PYHKLHMAMU:

W20 = {0, t€[0,0.4] u(0.933,1]}’ W20 = {5,: €[0,0.278, |
5, t€(0.4,0.933] 0, +<(0.278,1]
CraenoBarebHO, ONTUMANBHAS CTPATCTHS YIPABICHUS (PUHAHCAMH UMCCT BH!
-5, 1<[0,0.288
u’ () =u) (1) —uy () =10, t<(0.278,0.4]w(0.933.1] ;.
5, 1e(0.4,0.933]

>

[IpoBeaem oneHKy w3MeHeHHMs LeHHBIX Ovywmar y(f) dupmel. Ha mpomexytke ¢<[0,0.278]

dy 1
OCYIICCTBIISLIACH MOKYMKA aKTUBOB. ClIC0BATCIPHO, HMEEM YPABHCHHC ?y = 3 y()+5, y(0)=2,
!

t

pemeHHeM KoTOporo smusiercs (ymkums  y(f)=—15+17¢*. Torma 3(0.278)~3.6519. Jlance, Ha
npomexyTke f €[0.278,0.4] akTHBBI HE TOKYNATINCH M HE TPOAABAIICH H, CIICA0BATENBHO, HX H3MEHEHHE
dy 1
OTIHCHIBACTCA  VPAaBHEHHUEM ?J; = 3 (), v(0.278)=3.6519, pemeHne KOTOpOro ectb (PyHKIMSA
(1) =3.3285-¢3 u y(0.4) ~3.8032 . Ha ouepearom npomexyTie £ €[0.4,0.933] aKTHBBI PO IABATHCE H,
dy

1
CJACIOBATCABHO, WMCCM VPABHCHHC & = 3 ¥()—S5, ¥(0.4)=3.8032, pemicHHEM KOTOPOTrO SIBJISICTCS

dysxums V(1) =15-9.8-¢> u (0.933) ~1.6263 . Ha nocnexnem mpomexytke? €[0.933,1] akTupsl He

dy 1
MPOJABAINCE U HE TOKYHAINCH M, CIEJ0BATCIBHO, NMEEM YPaBHEHHE ?Jt/:g (1), ¥(0.933)=1.6263 u

ero pemeHue y(f) =1.1916-¢>. 3HaunT, B KOHIC TOPH30HTA IUIAHHPOBAHHS HMEEM AKTHBBI HA CYMMY
y(1)~1.663.

3aMeTHM, YTO €CTH Ha BceM mpoMekyTke f €[0,1] HUKakux onmepauui ¢ NEHHBIMH OyMaramu He
dy 1 :
MPOBOIUIIOCH, TO TOTAA U3 VPABHCHUS ?J; = 3 y(1), ¥(0)=2 monyuaem y(t)=2-¢3> u y(1)=2.7912. Ito

O3HAYACT, YTO JOXOAbI OT LCHHBIX OyMar YMCHBIIMINCh Ha BemmuuHy 2.7912-1.663=1.1282.
OzkpaaeTcs, 4To 5T0 YMEHBLICHHE KOMIICHCHPYETCS POCTOM AOXOJOB OT HAIUYHBIX JCHET.

Tenepp OLICHUM ABMKCHHC HATHYHBIX AcHET. Ecam onepanuu Kyniv-npoJaky LCHHBIX OyMar Ha
nmpoMexyTke BpemMeHm (€[0,1] He mnpoBOgMNHMCH, TO HANMYHBIE HWCHOJIB30BAINCH JHMIIL A

dx ¢t
VAOBIECTBOPEHHUA CHpPOCAa HA HUX W OIHCHIBAIOTCS VPAaBHEHHEM ?zzx(t)—l, x(0)=2, pelecHue
!
t

i
KOTOPOTO MOKHO TPEACTABUTH B BHAE X(7) = (2 — Ie’fz/“a"z')etz/4 =Q2-F(@)e""", rae F(1) = Ie’fz/“dz' ns
0 0

BBIUHC/ICHHS 3HAYCHUN «HEOCPYLICTOCsS» B ICMCHTAPHBIX (QYHKIUSIX HHTErpana F(f) BOCHOIb3YEMCS
2 t
) ) _ —x*/2
cranaaptHod (Qyukuued Jlamiaca qD(r)——Ie dx . MoxHO mokaszaTre, uto K (t):\/; Ot/ \/5).
277
Ce10BaTCIIbHO, PELICHUE paccMaTpUBACMOro TudepEeHIHANTBHOTO YPaBHCHHS! YAOOHO MPECACTABUTh B

suge x(N)=(Q2-+= CD(I/\/E)eIZM. Orcrona moaydyacMm, 4YTO MOpU  OO0sM3aTCIBHOM  YAOBJICTBOPCHUU
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TCKYIICTO COPOCAa W TMACCHBHOM YIPABJICHUU LCHHBIMH OyMaraMu HATUYHOCTH B KOHIIC TOPH30HTA
mnarnposarus passa x(1)=(2 7z ®(1/ \/5)61/4 ~1.3823 .

Takum 00pazoMm, NpU MACCHBHOM VIPABICHUM CYMMAPHBIA KAIMUTAJl B KOHIIC TOPH30HTA
rmiaauposanns paseH x(1) + y(1)=1.3823+2.7912=4.1735.

IIpoBenemM OLIEHKY HATWYHOCTH € YUETOM HAWACHHOM ONTHMATBHOH CTPATETHH VIIPABJICHUI

¢unancamu. s 1 <[0,0.278] umeem ypaBHCHHC % = éx(r) —6.05, x(0) =2, peuicHUeM KOTOPOTO

sBysieTCst pyHkims x(1) = (2 — 6.05\/77 Dt/ \/z)etz/ * W, clIeI0BaTENBHO,
x(0.278) = (2 - 6,057 ®(0.278/2)e" ™4 ~0.355..

Ha mnpomexyrke ¢e€[0.278,0.4] onepaumii ¢ UeHHBIMH OyMaraMH HE TOPOBOAWIH W,

dx ¢t
CIEeI0BATEIbHO, HMEEM YPaBHEHHE = Ex(t) -1, x(0.278)=0.355, pemeHHe KOTOPOro €CTh

x(1) = (0.6969 — 7 ®(t/J2)e" " 1 x(0.4) = (0.6969 —J7 0.4/ 2)e"™ ~0.31 .

B mepuog £ €]0.4,0.933] ocymiecTBisiIach MpoJaska LCHHBIX OYMAr U MO3TOMY UMEEM

dx t
= = 3 x()+3.95, x(0.4)=0.31, JUIS KOTOPOTO peLICHUEM SIBIIICTCS (yHKIHS

x()=3.95v7 ©t /2 -1.2775)""* 1 x(0.933) = (2.957 ®(0.933/2 —1.2775)e"*'¢ ~2.6766 .

Ha mocnennem wuntepsBane f<[0.933,1]onepannu ¢ ueHHbIMH OymMaramMu HE MPOBOJAWINCH H
MOSTOMY  HMeeM %:%x(t)l, x(0.933) =2.6766, x(£)=(3.0217—Jz ®(t/J2)e""*. Orcroma

nonyuaem x(1) = (3.0217 —\7 ©(1/42)e"* ~2.6964 .

Takum 0Opa3om, CyMMapHBIH KaluTal IPH ONTHMAJIbHOMN CTPATEru paBeH
(D) +y°(1) =2.6964 +1.663 = 4.3594 , uto yeenmumno ero Ha 4.3594 — 4.1732 = 0.1858, umm na 4.5%
[0 CPABHECHUIO C MACCUBHOM CTPATETHEH.

II. OGo0meHHas Moesb OaaHca (PUHAHCOBBIX CPEACTB C 3ANMPETOM 0BepaApadTa H KOPOTKHX
npoaax. Jonomuum paccMoTperuyo Beime Moaeab (1) — (3) ycmoBuem, 9TO CyIIECTBYET 3ampeT HA
MPOBSACHUE KOPOTKUX MPOJaK u  osepapadra. ITO MPEANOJOKCHHEC TPeOyeT BBEACHUS B
MaTCMATHYCCKYK) MOJCIb JOIMOJHUTC/IBHBIX OrPAHHYCHUH O HEOTPULATCIBHOCTH MCPSMCHHBIX
cocrostamst.  x(1) =0, (1) =0, t[0,7]. Han pemcHus 3TONW 3aJaddl TaKKC MMPUMCHAM IIPHUHLIHIL
maxcumyma [lorrpsruna. Tlpu sTom crmemyer y4ecTsh, WTO TMPUCYTCTBHE MOTIONHUTEIBHBIX (DA30BBIX
orpanuucHuil x(1)>0,y(¢)>0,1 €[0,7] BeACT K YCIOKHCHUI perncHus 3axadu. st dhopmymupoBku

MpHUHLMNA MakcuMyMma BeeaeM ¢yHkuuo Jlarparmka B Buge (dpixra, Camcontok, 2003):

L(x7y7 W:n:uat) = H(x7y7 lllauat) + 771("ix _d +u _a|u|) + 772(}"2)/ _u) . (10)
31ech CONPSsLKEHHBIE IEPEMEHHBIE W (¢), W, (f) yAoBIeTBOP:OT quddepeHINATPHBIM YPABHEHISM
dyr, (1) oL dy, (1) oL
———=——==(y, tn), ———=——=—(, +1,)F,, 11
” & WAt — > (> + 1)1, (11)
a TaKKe YCIOBHAM TPAHCBEPCATBHOCTH U CKadKa
p (=021, (D) -D D=0, yu(T-0)=1, (yu(T)~1) W(1H=0 (12)

oL
Muoxurenn Jlarpamka 7,(¢), 17,(f) B CBOIO OUEpEAb YAOBIETBOPSIOT YPABHEHHIO . =0 u ycroBusaM
JOMOJIHSFOMICH HEXKCCTKOCTH
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()20, 17,()x() =0, m(O]nx(0)-d(0) +u(t) —e|u(®)|]=0;
(13)
()20, Oy =0, ny(O[ry () —u®) —alu(®)|[]= 0.
CormacHo mpuHIHMY Makcumyma TToRTpsTHHA 71st Toro, urober dymkmus u'(1),t €[0,7] 6piia

ONTHUMAJIbHBIM PCILICHUCM B ,Z[aHHOI\/'I 3agaduc H606XO,Z[I/IMO HaUTH CONPAKCHHBIC MNCPCMCHHBIC H
MHOXHUTCIN J'IarpaH)Ka TAKHUEC, UTO

HE Y wu’ 0= H(x", )y, w,v,0) anascex ~U, <v<U,, (14)
rae x°(1),y" (1), w(t),n(t),t €[0,T] ompesenensr u3 coormomernmit (1), (11) — (13) npu 3azamHOM
ympasnernn u(t) =u’(t),t €[0,1], COOTBETCTBEHHO.
Orvernm, urto mnpucyrcTBue (a3oBbix orpanmueHud  x(¢) >0, y(1) >0, €[0,7] BmreuweTr K

CYIICCTBOBAHHIO, BOOOIIC FOBOPsI, PA3PhIBHBIX PCIICHHN TSl COMPSKCHHBIX MCPCMCHHBIX, UTO TPCOYET
HU3YUCHUSA COOTBCTCTBYIOIIUX CKAYKOB TPACKTOPUU U PACCMOTPCHHUSA TAaK HA3ZBIBACMBIX HUMITYJIbCHBIX
(vronpyathix) QYHKUMA. AHATUTHYCCKOC PCIICHUC TaKWX 337a4 B OOLICM CIy4ac BECbMa POMO3IKO U
HC NPHUBOJMTCS B JAHHOW paboTe.

[II. Mogens ¢puHAHCHpOBAHHSI HHBecTHUHIA, PaccMoTpuM 3azauy o guHaHCHpOBaHUH (HHPMOU
CBOUX I/IHBCCTI/II_[I/Iﬁ 3a CUCT PAUHUOHAIBHOIO COYCTAHUA HCpaCHpC,Z[CJ'ICHHOfI HpI/I6LIJ'II/I 1 BHCIIHETO
coocreennoro kamurama (Krouse, 1973; Sethi, Thompson, 1970). byaem mnpeamonarare, dTO
HCTIOJIb30BAHUC 3aCMHBIX CPCACTB B KAUCCTBC HCTOTHHKA (I)I/IHaHCI/IpOBaHI/IH HC TOITyCTHUMO.

Beeaem creayromie mepeMeHHBIC, )(f) — CTOMMOCTD AKTHBOB HITH WHBECTHPOBAHHOTO KAITUTANIA

KOMMaHuU, X(f) — MHTCHCUBHOCTB (CKOPOCTB) 70X0/a (B ThIC. PyOIICi) B MOMCHT BPEMCHH |, ! € [O,T ];
u(t) — BHEUIHCEC WM HOBOC (DMHAHCHPOBAHHEC 3a CUCT COOCTBCHHBIX CPCACTB, BBIPAXKCHHOC B KPATHOM
OTHOLICHUM K TEKyIueH mpubbimu u(f)>0; v(f) — HepacmpeacICHHAs AOMs TCKYLICH MpuOBLTH, T. €.
1-v(t) mpeacraBngeT AOMO A BRILIATHI AMBUACHAOB, 0<v(f)<1. l-¢ — HEKOTOpas KOHCTAHTA,
XapPaKTCPU3YIOIMAs CTOMMOCTh PAa3MEIICHHsS BHCINHETO KanuTada, BBIPAKCHHAS B JOSX OT TCKYIICTO
Jgoxoaa, 0<c<1 (T.¢. 7Ta KOHCTAHTA XAPAKTCPU3YET TPAHZAKLHOHHBIC H3ACPKKU (OOHYCHI U Ap.) U3-32

BO3MOJKHOH (PIyKTyaluu CTOMMOCTH NP MPOBEICHUH CACTOK C BHCITHUM KaITUTANIOM); # — (haKTHUSCKas

HOpMAa MPHUOBUTH (IPCAMONAracTCs MOCTOSHHOW) HA HMHBCCTUPOBAHHBIA Kamutaa (QUPMBL, p —
HOCTOSHHAS CTABKA AUCKOHTHPOBAHHS, U3BECTHAS KaK TpeOyeMas akuHOHEpaMy HOpMA MPpUOBLIH, 7 > 0

g — BCPXHSIs TPAHULIA TEMIIOB POCTA aKTHBOB (pUpMBI; 7' — TOPU30HT IIIAHUPOBAHHUS.

C yueToM BBEICHHBIX OOO3HAUCHHH WMEEM, YTO TEKymMH H0X0x (upMBI paBeH Xx(1)=ry(r).
CxopocTs pocTa CTOMMOCTH HMHBECTHPOBAHHOTO Kamuraga )(f) OmpeaensdeTcd Kak cymMma
NPHUBJICYCHHOTO BHCLIHCTO KamuTana (C yd4eToM (IYKTyalMud CACIKH) W COOCTBCHHOrO KamuTtaiaa
dy
;:cux—l—vx. Torpa, yuuTeiBag NpeiblAyLIEE PABEHCTBO, MMEeM craeayiomee AudbepeHIHuanbHoe

!
dx dy
VPaBHEHHE A/l TEKYLIETO A0X0Ja = :rd— =r(cu+v)x,x(0)=x,. C yueToM 3aJaHHOTO OTPAHHYCHII
t !

!

g Ha BEPXHIOI0 TPAHHIY TEMIIOB b pocta akTHBOB Y(f) TPHUXOAMM K COOTHONICHHUSIM

y
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!

Y (eu+v)x
¥

=r(cu+v)<g, wm cu+v<2, ra¢ TMCPCMCHHBIC VYIPABJACHHUS YIOBICTBOPSIOT

= |oQ

p
orpagmueHmIM 1 >0, 0<v<].

Llens ¢upMbl COCTOMT B MaKCHMH3AILMKU €€ NPUOBLIH, KOTOPAs PaBHA TEKYICH CTOUMOCTH
OVIyUIMX TUBUACHIOB, HAYUCIICMBIX HA aKTHBbBI, HAXOASAIIUCCS B oOpaincHud B MoMeHT ¢ =0. YacTs
3TUX JUBUACHIOB OVACT HANMPABIATHCS HA HOBBIM AKI[HOHCPHBIM KAaMUTAjJ, KOTOPBIM OyAeT MoaydaTsb

T

JIOXOTHOCTD, PABHYIO CTABKS JUCKOHTHPOBaHuUs o . ClIeI0BaTe/IBHO , OHA PABHA Iu(r)x(r)e"’ "dt Texymeit
0

CTOMMOCTHU BHCINHCI'O KaluTaJa, NPUBJICUCHHOIO € TCUCHUCM BPCMCHU t. OTMCTI/IM, UTO HHTCIpaI
T

I(l—v(r))x(t)e’p’dt MPEACTABISICT COOOH TEKYHIYIO CTOMMOCTh BCEX AMBHICHAOB, BBIMIAYCHHBIX
0

¢dupmoii. Takum oOpasom, umCTas TEKYINAsS CTOMMOCTh BCEX OYAYUIUX JAHUBHACHAOB, KOTOPBIC

T
HAYUCIIOTCS HA TMCPBOHAUAIBHBIC aKIIWH, MPCACTABICTCSA KAaK Pa3HOCTH I(l—v(r)—u(r))x(r)e’ptdt.
0

[MonyueHHeIN LeneBO# (YHKLHOHAT MOKHO PACIIHPATh, HAPHUMEP, BKIIOUCHHCM JTHKBUIALHOHHBIX WUIIH
JPYTUX BBIILIAT.

Takum 00pazoMm, 3a1a49a ONTUMAIBHOTO YIPABJICHUS CBEIACh K HAXOKIACHUIO GyHKumi u(f),v(f),

te [O,T ] , KOTOPBIC JOCTAB/ISIOT MAKCHMYM (DYHKLIMOHATY

J = [e 7 (1= u(®) - v(e)x(t)dt — max (15)
Ha peuieHusx audGepeHINATPHOIO YPaBHCHHS
? =r(cu(t) +v())x(t), x(0)=x, (16)

TP OTPAHHUEHHUAX Ha VIIPABICHHE
cu®) +v(O<E, u()=0, 0<v(r)<1, 1e[0.7]. (17)
r

Hdns HaxXOKACHUS ONTHMANBHOW cTpaterud (QupMbl (QUHAHCHPOBAHUS CBOMX WHBCCTULIMN
MPUMEHNM NpuHIMN MakcuMyMa [TorTpsaruna.
CdopmyaupoBanHas 3aaa4a onTuMaapHoro yrpasiacHus (15) — (17) seasercs OMTHHESHHON 3a1a4ucit
C ABYMsI VIOPABILIIOIIMMHU mapaMeTpamu  u(t),w(t), f € [O, T ] . Knaccuueckue ¢yakumu [amuiprona u
Jlarpamxa (I'ances, Tuxomupos, 2000; Heixta, Camcontok, 2003) qist 370 3312494 UMCIOT BUA
Hx,pu,v,0)=e " (1—v—u)x+yrcu+v)x,
L(x, @, fu,v,t) = H(x, @, u,v,0) — fl(r(cu +v) - g), (18)
COOTBCTCTBCHHO. 3aech COTIPSIKCHHAS TICPCMCHHAS w(t),t (0,7 u MHOKHUTC TH
Jarpamka (1), €]0,7'], yAOBACTBOPSIFOT YPABHCHUSM
dpt) oL

~ = P =0, )2 0.1 ~r(eu+ ) =0 (19)

Hist Toro, 4ToOBI YIPOCTHTH BBIPAKCHUS Al COMPSDKCHHBIX MepeMeHHBIX W(f),1€[0,7] u

muoxkuteneh  Jlarpamxka — 4(f),r€[0,77], w3daBuMCS ~ OT  AUCKOHTHPYIOIIETO  MHOMKHTEIIS

e 7 (1)>0,t €[0,T]. i 3TOro BBEAEM HOBBIE COMPSKECHHBIE MEPEMEHHBIE W MHOKUTETH Jlarpamka 1o
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dopmynam:  w (1) =™y (t), u(t) = e” ju(t),t €[0,T]. Torma ¢pyuximu [amunbroHa m Jlarpamxka MOXKHO
NPEACTABUTD B BHIE
Hx,yw,u,v,0)=e” H(x,,u,v,0), L(x,w, u,u,v,t) =e” L(x, @, fl,u,v,1). (20)
Tax kak e” (1) > 0, €[0,7], TO MAKCHME3ALHUS TAMIIbTOHHAHA H (x,,,v,1) , 9TO TPEATIOTAracT
NPUHIMN MakcuMyMa [[OHTPSrHHA, SKBUBAIEHTA MAKCHMHU3AIUK YOPOWEHHON Gynkmun H (x, y,u,v,1) .

C y4yeToM NMpOBEICHHOM 3aMEHBI ICPCMCHHBIX, HMEEM YPaBHCHUS

dy(t) ot~ o dp(t) OL
ik A\SE N+e” 2 = pu(t) —— .y (T) =0 .
o P w(t)+e " pw(l) ax,v/( )

B wurore, B 3agaue ontumanpHoro ympasieHus (15) — (17) raMuIbpTOHHAH MOYKHO ONPSICIIUTE TI0
VIPOIICHHOM (HOpMY e

Hx,wuv,H)=(1-v—uw)x+wr(cu+v)x, 21
rae conpspkeHHad nepeMensas w(f),t €[0,7] asagercs pemenneM auddepeHIHATEHOTO YPABHCHHUS
dy(t
% = py () = (L=v(1) —u(t)) —w(Or(cult) + V1)), (22)
VAOBJICTBOPSIOLICH YCIOBHIO TPAHCBEPCATIBHOCTH
w(1)=0. (23)

Kak yse orMeuanoce Beiime, raMmunbToHuad H(x,y,u,v,1) B (21) MOXKHO MHTCPNPETHPOBATh KaK

CYMMapHY® (OT MpPAMBIX H HEHPSIMBIX BJIOKCHHH) HOPMY NPHOBITH, KOTOpas AOMKHA OBITh
MaKCUMH3HPOBAHA B KAKIBIH MOMEHT BpeMeHH . [Ipu aTOoM compsikenHyro nepemeHnyio y(1),f €]0,7]

TPAKTYIOT KaK MNPCACIbHYID CTOUMOCTb HU3MCHCHUA l'IpI/I6bI.]'II/I Ha CAUHHUIY B MOMCHT BPCMCHHU f.

Paccmotpum stor BOmpoc Oosce aetampHo. B wactHocTH, Benuwuwmua (cu(t)+v(¢))x(r) o3HauaeT
JOTIOTHUTCIBHBIC WHBCCTHULIMA B MOMCHT BPEMCHH [, a BCIHUYMHA W/(f)r €CTh MpecIbHAs CTOUMOCTD
CAMHUYHBIX (MACBBIX) MHBCCTHULIMIA B MOMCHT BpeMmeHu [ . Toraa mpousseacuue w(t)r(cu(t)+v(t))x(t)
€CThb CTOMMOCTb U1 AKLUUOHEPOB JOMONHUTCIBHBIX WHBCCTULIMM, W3MEPCHHAS C TOYKH 3PCHHS
VIYINCHHBIX TUBUICHIOB B MOMCHT BPEMCHH | .

Vpasaeuuo (22) 1t COMPSDKCHHON MEPEMEHHOW /(f) TAKKE MOXKHO MPUAATh SKOHOMHUCCKHMA
cmeicn. Ecnm dupma aenaet IOMONHUTEIBHBIC HHBECTHLMH B pasmepe w (i), €[0,7'] (uto maet aoxox B
OWH A0Iap), TO PW(!) €CTh OXKUAACMAS TOXOMHOCTh OT 3TUX WHBSCTHLHI. B COCTOSHUN paBHOBECHS
dy ()

dt

(1-v(f)) 3a BBIYCTOM BBIILIAT BHCLIHHUM AaKIHOHEpaM (f), IUTFOC CTOHUMOCTH JOTOJHUTC/IBHBIX

39Ta BCIHYHUHA OOJIZKHA OBITH paBHa MNpPUPOCTY KaluTajia ., INIFOC HCMCAJICHHBIC AUBUACHIbBI

poxonoB w(H)r(cu(t)+v(1)).
Takum  oOpaszom, cormacHO  mpuHImny  Makcumyma  [lonTpsiruHa, ecau  (QyHKUIHH

u’(H),v"(6),1 €[0,T] ABIAIOTCA ONTHMATBLHBIM pemenneM 3axauu (15) — (17), To OHM B KaxK B MOMEHT

BPEMEHH ! MAKCHMHU3HPYIOT raMUIbToHHAH cucteMbl H (x°,w,u,v,t) Ha MEOXKecTBe 2> 0,0<v <1,

Hns  yaoOcTBa  OMPEACNCHHS  ONTHMAIBHONM  MOJUTHKH HHBCCTHPOBAHHS — IMPEOOpazyem

raMHUJIbTOHHAH K BUAY
H(x,p,u,t) =[Mu(t) + MvOlx(1) , tae M, (y) =y (Orc LM, (y) =w(O)r-L. (24)
OTMeTUM, Y9TO MHOXKHUTCIb X(f) BBIHECCH 32 CKOOKH, TaK YTO ONTHMAJBHBIC VIIPABICHUS HC

3aBHCIT OT 3TOM HepeMCHHOﬁ. Tak kak TaMHJIBTOHHAH JTHHCCH OTHOCHTCIBHO OOCHX NCPCMCHHBIX

VIPABICHUS, TO ONTUMAIbHAS TOIHUTUKA WHBCCTHPOBAHUS OYACT HCKOTOPOH KOMOHHALIMEH PEICHHBIX H
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CHUHTYJIIPHBIX VIPABJCHHUW, YTO ONPEACIACTCS IyTEM PELICHUS B KAXKABIH MOMEHT BPEMEHU |
CIEeAYIOLEN MapaMeTPUUECKOM 3a1aui JUHEUHOTO MPOrpaMMHUPOBaHUS BUJA:

M, (yH)u+M,()y — max TP OTPAHUHIEHHUAX cu +v£§,u20,0£v£l. (25)
u,v 7

Herpyano Buacte, uro orpaHmucHue v <1 CTaHOBHUTCS M3IUIIHAM, CCIIH §<1. Cre 10oBaTeIBHO
Y, > > P >

BO3MOXKHBI JBa ciyvas: BapuaHT (A), koraa g <r, u BapuanT (B), xorma g >r. Kaxaplii u3 atux ciayvacs
MPUBOAUT K 3aiayc JHUHCHHOrO MporpaMMupoBaHusl Buaa (25), KOTOpas MOMKET OBITh pCLICHA
rpaduuccku. Jlerko BHUAETh, YTO MHOMKECTBO JAOMYCTUMBIX pewmicHHH B (25) mpeacrasiser cobor
MHOTOYTOJbHHK HAa KOOPAMHATHOH IUIOCKOCTH JBYX IICPEMCHHBIX #,V. YUHTBIBAs HCXOJHOC
npeanonokeHue 0<c <1, MOXHO NPOHM3BECTH AaHATH3 BO3MOMKHBIX KOMOMHAILMH MapamMeTpoOB
OMJIMHCHHOW 3a7auu Makcumusaiuu (25) ¥ HAWTH €¢ ONTUMAJBPHOC PCIICHHEC B KAXKIOH M3 ITHX
koMOMHAIMH. OJTH KOMOWHALIMM M COOTBETCTBYIOINUC ONTHMAIBHBIC PCLICHUS HAXOJATCAd U3
rpadHUcCKOro aHaIM3a MHOXKECTBA JOMYCTHUMBIX DPEIICHHH B (25) M MOBEOCHUS HA HEM IPAJUCHTA
ueneBor GpyHkimH. [ToayueHHbIe peIeHNs TPUBEACHB HUKE JUTS KaKI0ro cayvad A (T. ¢. korma g <r)
u cayvas B (korma g >#) oraensHo.
Cnyuaii A (g <r):

I.  Bemu M, (y)<0,M,(y) <0, torma u°(¢)=0,v"(1) =0

I Eean M,(y) <M, ()M, (1) >0, toraa u’(n =0 (=% ;
Is

L Ecam M, (y)<0,M,(y)=0, torma 1°(t)=0,0<v"(r) <min{L, L} .
r

Cayuati B (g >r):
I Ecmm M,(y)<0,M,(y) <0, torma u’(t)=0,v"(t)=0;

. Ecan M,(y)<0,M,(y)=0,Torza u°(t)=0,0 <v* () <min{l,. L}
.

ML Ecmn 0<M,(y) <eM,(w), torma 1" () =2—"1(n =1
re
IV.  Ecmu M, (y)<0,M,(y)>0, Toraa u’(H=0"(1) =1,
V. Bemu M,(y)=0,M,()>0. torma 0<u(1) <E2—L 1) =1.
re

ITOT MEPEUYCHP ONTUMAIBHBIX PCIKUMOB sl KAKIOU M3 MPUBCACHHBIX BBIIIC KOMOWHAIMEI AacT
BO3MOKHOCTh CHHTC3HPOBATh (C YyYCTOM HAYAJBHBIX YCAOBHI) MOCICAOBATCIBPHOCTh PHHSTHS
ONTUMAJIPHBIX PCIICHUH B TCUCHHC PACCMATPUBACMOTO MPOMEKYTKA BPEMCHH. 3aMETHM, YTO TaK Kak

COTJIACHO MPEAMNOOKEHIsIM ¢ <1, To u3 (24) caeayer, uro M, <cM,, 9TO B HEKOTOPBIX U3 OIHICAHHBIX

BBILIC CAYYAIX YIIPOIIACT aHATU3.

CuHTE3 ONTHMATBHBIX YIPABICHUH OOBIYHO OCYIICCTBISICTCS C HCIIOIb30BAHUEM TaK HAa3bIBACMOTO
nomsitHoro  Aswkenust (Fel’dbaum, 1965; Krouse, 1973). pyrumu cnoBamu, pacCMaTPHBAKOTCS
TPACKTOPUH CHCTCMBI VIPABICHUS ¢ «0OpaTHBIM BpeMcHeM». [l 3Troro B paccMaTpuBacMbIX
JuddepeHINATBHEIX YPABHCHUAX BBCACM HOBYIO ICPEMEHHYIO 00paTHOro BpeMeHu popmynon 7=7"—17.

Toraa mas mroboii auddepeniupyemoit dyHkimu Y= y(f) OPOUBOAHAS MO HOBOH BPECMCHHOMN
dy dyd

HNEPEMEHHON UMEET BUJ d_:?d_ —y. s Toro 4toObl pasiuyuaTh NPOHU3BOAHBIC MO «OOpPaTHOMY
T dtdr
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- d =
BPCMCHH», BBCAEM A Hee OOO3HAUCHHUC y:d—y tak, utro y=-y. Torma auddepeHunaTbHEIC
T

VPaBHCHHS B OOPATHOM BPEMCHH JJISl CONMPSDKCHHBIX MEPEMCHHBIX M COCTOSIHUS nonyuarotcs u3 (16) u
(22) 3aMeHOM MPOU3BOIHBIX ) HA )71/1 3HAKA B MPABOH YacTH. 3aMECTHM, YTO YCJIOBHS TPAHCBEPCATbHOCTH
JUTsL COTPSKCHHOM MAIOT HAYAIBHBIC YCJIOBHSL B oOparHoM BpemeHu w(f =71)=yw(7=0)=0. HauanpHbic
JKE YCIAOBHSL U1 TNICPEMCHHOH COCTOSHHA B OOpPaTHOM BPEMCHH 33JajuM  HapaMETPUUCCKU
x(t =T)y=x(r=0)=F0, rac mapameTp F mnoaic:kut onpeacacHuo. Takum obpasoM, ypaBHenusa (16) u
(22) B oOpaTHOM BPEMEHH UMCIOT BUX
¥ = —r(cu +v)x,x(0) = £, 1/7 =(l-v-uw)—ylp—r(cu+v)], w(0)=0. (26)

IJTH YpaBHCHHS MO3BOSIOT OCYLICCTBUTh CHHTC3 ONTHMATBHOM CTPATCTHH HMHBCCTHPOBAHMS IS
KQXKIOH U3 ONMUCAHHBIX KOMOMHaMH peskumoB A cavaacB A u B. [loapoGHoe n3noxeHne Beex Cydacs
1 KoMOMHaWi BecbMa 00beMHO. [103TOMY B KavecTBE WILTFOCTPALMHU NPOLIEAYPHI CHHTE3a ONTUMATBHON
CTPATCTHH PACCMOTPHUM HEKOTOPBIC KOMOHHALMH 111 ciyvas B.

OrveTHM, YTO Tak Kak g >r, TO orpanmucHue v <1 ama cnyuas B cymecrtseHHo. B mMomeHT

Bpemenu =71 (wm B oOparHom Bpemenu npu  7=0) wmmeem w(0)=0. Torma wu3 (19)
AMCCM M, (0)=M,(0)=-1<0 u, CIICIOBATCIBHO, TIPULILTA K KOMOHUHALIAN
M () =w(t)rc-1<0,M,(y) =w(t)r —1 <0. Torga cormacHo NyHKTY | U3 BHIIENIPUBE ACHHOTO MEPEUHS
mveeMm u#°(¢)=0,v"(f)=0, 4T0 MPUBOAUT K CACAYIOIIMM YPABHCHUAM 7S OMPEACICHUS MEPEMEHHBIX
COCTOSIHHSI M COMPSIKCHHOM mepemMeHHoM: X =0,x(0)= /3, 1/7 =1-py, w(0)=0. Jlerko BHAECTH, YTO

PELICHUE 3TUX YPABHCHUM UMEET BUA!
1 —pr
x(7) = B.y(7) =;(1—e ). @7

Tax xax no mpeanonoxenuto 0<c<l, u ecmu M, =wr—1<0, T0 MOXHO BHAETH, YTO TOTAA
M, =cyr—1<0 taxxe. CregoBarenpHO, 9TOOBI OCTABATHCSA B STOM MOACITYYAE IPH POCTE BPEMEHU [,

byukmms M, (7) JOMKHA OCTaBaThCA OTPHLATEIBHONH B TECUCHHE HEKOTOPOTO IPOMEXKYTKA BPEMEHHU C

pocrom . Onnaxo, u3 27 UMEEM lim y(7) = lim 1 (l1-¢")= i , u
T—>0 T—>0 p
cnegosatenbHo limM, (7) = lim(y(7)r —1) = " 1. Tax xax mo MPCANOIOKCHUAIO 7 > 0, TO CYIICCTBYCT
T—>0 T—>0 p

. Takum

MOMEHT 7, TakoH, uro M,(r)=(1-e” fl)i—l:O. MoxHO TpOBEpUTH, UTO T, :lln
P p r=p

oOpazom, umeeM BapuaHT Il (cM. BRIICIPHUBEACHHYIO TAaOJMIY BapUHAHTOB A ciayuas B), xorma

M, (y)<0,M,(y)=0 u TS KOTOPOTO ONTHMAIBHOE yIIpaBIcHAE HMEET BUJ
1’ () =0,0<v"(t) <minf{l, 1} . DTo o3HauaeT, 4ro omTHManbHOE ympasaerue 0<v'(f)<min{l, 1}
r r

0co0o¢ (CHHIYSIPHOE), T. €. COTJAaCHO MPHUHLHUIY MakcuMyMa [IOHTpSrHHA HaXOKACHHUEC MaKCHMyMa

0 0
raMuibTOHHAHa H (X ,y ,y,u,v,!) HEC AaCT KOHKPCTHOTO (CAMHCTBCHHOIO) 3HAYCHUS YMPABICHUS

OSVO(I)Smin{l,g}. Tak kak mo YCIOBHIO 7 >p , TO MOMKHO TNOKA3aTh, UTO PACCMATPHUBACMBIN
r

CUHTYIIpHBIM cimydak 1l HE MOMKET moaAcpKUBAThCA HM HA KAKOM KOHCYHOM MPOMEXKYTKEC BPCMCHH.
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Hanee, Tak kKak 7 > p, TO HETPYAHO HMPOBEPHUTH 4TO W (7,)=(7 —E) >0 B paccMaTpuBacMOM CIIyIAC.
r

Orcrona creayer, uro ¢pynkuus M, (7) Bospacraromas u, ciegosareasao, M, (r, +0)>0.
ITO 03HAYACT, YTO B MOMEHT 7 =7, NMPOHCXOIUT NMEPEKIIOUCHHUE PEKUMA YIIPABICHHUS OT BAPHAHTA
II x xombumammm IV: M, =criy—1<0,M, =ryy—1>0, rae onTUMaabHBIC YIPABICHHUS HMEIOT BHJ

u’®)=0"()=1. C yuetrom npeabiaymero, aupepeHIMATEHEE YPABHCHUS A1 TICPEMEHHOM
. . < - 1

COCTOSIHHSL U CONPSDKEHHOM NEPeMEHHOH HMEIOT BUA: X =—1x(1),x(7)) =8, w=w({r —p), w(r)=—.
r

Otcroaa cieayeT, YTo NPHOBLTb PACTET IKCIOHCHIIUATBHO CO CKOPOCTRIO 7, a PyHKIMS y(7) BO3pacTact

CO CKOPOCTBIO (¥ — p), KOTJA 7 PAcTeT, HAUUHAs ¢ MOMEHTa 7 =7, . JIErko BUAETh, YTO CONpPSKEHHAS

| R
nepeMennas uveetT BUAW(r)=—e" "W r>7  C BospactammeM w(7), byHkmms M, TaxKe
r

BO3pacCTacT u, CJICAOBATCIIBHO, cC SHAYCHHUC AOCTUTACT HY A B HC KOTOprﬁ MOMCHT

1 1
r=1,:M,(7,) =cry(z,) —1=ce” " —1=0 . Orctoma nony4aem 7,=7, + Py lnz .

Takmv oOpazoM, B MOMEHT 7=7, (HpPMA MNEPEKIIOYACTCS B HOBBHIM pexXUM V, Koraa

M, (y)=0,M,(y) >0, a ontumanbHOe yrpasnenue uMeeT Bua 0 <u’(f) < ﬁ,vo (t)=1. Yopasneuue
re

u’(f) sBAseTcs CHHTYMSApHBIM. JIms COXpAHEHHSl 3TOH CHHTYNSPHOCTH HA KAKOM-TO HEHYJICBOM

KOHEYHOM IIPOMEXYTKE BpEMEHH HeoOxoguMo Tpedosath, utoObl ¢yHKmmsa M, (r)=0Ha 3TOM

HOPOMEXKYTKE. ITO o3Havaet, 4to M, (7) =0, uto B cBOKO ouepeap Bueuet Y(7)=0. Jlna onpeaencHus

¢byHKIMK (7) HAZO0 ONTHMAIBHBEIC YIPABICHHS TOrO BapHaHTa moActasute B ypasHenue (21). Torma

HMEEM
l]:):—uo—l//[p—r(cuo +1)]. (28)

1
Tak xak M,(7)=0, T0 w(r) =— . IloacraBus nomyucHHoe B auddepeHImaIbHOE ypaBHeHUE (28)
re

U IIPUPABHAB Cro npaByro 4aCTb K HYIHO, MOJIYYUM O =/ | UTO NPOTHUBOPCUUT CACTIAHHOMY UCXOTHOMY
MPCANOIOKCHUIO O <7V . OTMGTI/IM, UTO HCT CMBIC/IA OCYIICCTBIIATD MHBCCTULNU, CC/IM HOPMa HpI/I6bIJ'II/I
Ha I/IHBCCTI/IpOBaHHLIﬁ KaImuTa1 (I)I/IprI MCHBIIC CTABKH JUCKOHTUPOBAHUS O > 7 .

Takum o6pa30M, 00CCIICUNTD CUHI'YIAPHOCTE OINTUMAJBHOTO VIIPABJICHHUA HA HCHYJICBOM
OPOMCKYTKC BPCMCHH HCBO3MOXKHO H, CJICAOBATCIIBHO, (I)I/IpMa HC MOXKCT HAXOAUTHCA B PCKUMC Vs

TCUYCHUE CKOJb YIOAHO MaJOro MPOMEXKYTKa BPEeMEHH. Tak kKak p<r, 1o u3 (23 ) monydyaem

r—p

w(r,)= >0. D10 o3HauUacT, YTO (PYHKIUMS W(7)MOHOTOHHO BO3PACTAKOIIAS H, CJICA0BATC/IBHO,

dbyukmmsa M, (7) Taxke BO3paCTArOIIasl.

Takmv o6pa3zoMm, B MOMEHT BPEMEHH 7, CHUCTEMa INepekiarodaeTcs B HoBbIM pexum I, rme

0 <M, (y) <cM,(w) u onTEManbHOE YTpaBIeHUE UmeeT Bua u' (1) = ﬁ, v!() =1. CooTseTcTByIOIIHE
re

JudepeHINANTBHEIC YPABHEHUS AT IEPSMEHHBIX COCTOSHUS U CONPSKCHHONW HMCIOT BHL!

= L —Fr
X =-gx, V/=—gr—c+w(g—p). (29)
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v —

Tak xak y(r,) = L0 , To pyHkums y(7)Bo3pacraromas. bonee Toro, Tak Kak A H3y4acMOro

cnyuass B BRINOTHSIOTCSA VCIOBUS 0 <F,g>7,p<g, To u3 (29) cieayer, 4to 1/L/(z') >0 HenpepsIBHO
BogpacTaomas (yHKUMS Ha BCEM NPOMEKyTKe. Takum oOpazoM, cHCTEMa MPOAOIKACT
(hYHKLIMOHUPOBATD B 3TOM PEIKHUME HA BCCM OCTABLICMCS MPOMEIKYTKE BPCMCHH.

Hna rpadudeckoit mrocTpauuu (puc. 4) onpeacinM MONYyICHHOS PELICHUE B KIKOUCBBIX TOUKAX
MEPCKIIOUCHHS PEXKUMOB U B KOHLE ropu3oHta f=7. B HavaneHeli MoMmeHT £ =0 00BbEM HANTHYHBIX
JeHer cocrasasul Bereunny x(0) =x, . Ha nepsom npomexyTke Bpemeru f €[0,7,| cuctema Haxoauiach
B pexxuve I, ucnonb3ys mpu 3TOM A7 MHBECTHPOBAHUS J0JCBOC (PUMHAHCUPOBAHUC U CBOM JOXOJEL.
Toraa u3 nepsoro auddepeHmansHOro ypasHernus B (29) nonyuaem pemenne x(f) = x,e%, £ €[0,7,]u x
MOMEHTY MNEPEKTIOYCHHS B MOMEHT f(=7'—7, 00BEM KamuTaga COCTAaBISAECT  BEIHYHHY
x(T —7,)=x,e5""™ . Tlocne mMepBOro TNEPEKTIOUEHHs CHCTEMA HA BTOPOM TPOMEKYTKE BPEMEHH
te|r,,7,] nmepexoaur B HOBBIM pexxum IV, xorma ams (PUHAHCHPOBAHUS HCIOIB3YIOTCS JIHINb CBOH
JOXOABl W HET BHCLIHETO J0ncBoro (QuHaHcupoBanusg. Ha 3TOM OpOMEKYTKE BpPEMCHU

T-1)

muddepeHnmanbEbIe YPaBHEHUS COCTOSHHA HUMEIOT BUA X =—1x(1),x(1 —7,) = x,e* . Pemennem

3TOro ypaBHeHms spisercs ¢ymkmms Buaa x(1) =x.e’ ¢ te[r,7,] W K MOMEHTY BTOPOTO

nepexroueHus mpu =7 —7, obbeM kamuTama coctasaset Bemmuuny x(1'—7,)=x,ef" 7= Ha

MOCTACTHCM TIPOMEKYTKE BPEMCHH CHCTCMA TCPEXOAWT B PekuM [, KOTAa BHEIIHEE TOJCBOC
(PMHAHCHPOBAHUC HC MPHUBICKACTCSA M BCC CBOM JOXOBI HCIIOIB3YIOTCA HE IS (DMHAHCHPOBAHUSA, & JUTS
BBIIIJIATEI AUBUIACHIOOB. 3TOT PCXKUM TPUBOOAUT K CACAVIOINCMY VPABHCHUIO U OIPCACTICHUS
coctostams X = 0, x(7 — 7)) =x,e5" Wy e[ T —7 T|. Jlerko BHAETH, 4TO PENICHHE STOTO YPABHEHHS

€CTh TIOCTOSIHHAS BEITMUHMHA, KOTOPAs PaBHA HCKOMOMY mapameTpy /3 = x,ef’ = aa),
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Puc.4. OnrumanbHas CTpaTerus HHBECTHPOBAHMS I ciydas B
Hemounux. ABTopckast pazpaboTka.
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CyIIecTBCHHOCTh TMPUCYTCTBHS ABYX MOMCHTOB MCPCKMIOUYCHMS Ans ciayias B mmeer cBoro
9KOHOMHUECKYI0 uHTepmperanmo. Ecam 7, ects octaBmeecs Bpems 10 ropusoHra 7', 1o ¢upme
0c3pa3nIMyHO, MHBCCTHPOBATh M3 CBOCH MPUOBLIA WIH BBIUIAYMBATH MMH JUBHIACHIABI. MHTYHTHBHO
MOHATHO, YTO BHEIIHWHM AKIHOHCPHBIH KAMUTal KaK HCTOYHHK (PUHAHCHUPOBAHUS WHBECTHULHH JOPOIKE
HEPACHpPEACICHHON NPHUOBLTH, TaK KaKk BHCINHEE (PMHAHCHPOBAaHUC TPeOyeT OOMBIICIO BPEMECHH I €TO

1 1 .
In— npeacrasnser coboli  Bpems,
r—p c
HEOOXOAUMOE ANl KOMIICHCALMHM CTOMMOCTH Pa3MCINCHHS BHELIHErO kamutana. [ JokasaTenbcTBa

okymaemoctd. Takum oOpazoM, BEIMYHHA 7, —7) =

3TOrO MPEANON0KHM, 4TO (UpMa BBIMYCKACT aKLWH Ha cyMMy B | neHexkHyro exununy (1 gommap) B
MOMEHT BpeMeHH f=1"—7,. XOTs CTONMOCTb 3TOH SMHCCHH COCTAaBJISIET OAMH J0JUIap, MPHOOPETAcMBIN
KalMTajJ COCTABJIACT ¢ AOIIAPOB M3-3a CTOMMOCTH pasmemieHns |—c. Tak kak MBI mITacMCS HAUTH
BpeMs Oc3yOBITOYHOCTH AJISl BHEIIHETO aKLHOHCPHOTrO KamuTala, TO OUCBUAHO, YTO COXPAHCHHE BCCH
MpUOBITN IS WHBCCTHULHH OCTAcTCS MO-TPC)KHEMY BBITOAHBIM. 3JHAUUT, AWBUACHABI C MOMCHTA

t=7T-7, mo MomeHTa (=1 —7 OTCYyICTBYIOT H TNpHOBUTb (UPMBI pacTeT ¢ TEMIIOM 7.

1 1 .
In— 3THX MHBCCTHUIIMH, CACIAHHBIX
r—p ¢

CJ'IG,Z[OBaTeJ'IbHO, MpUBCACHHAA CTOUMOCTD 3a BpCMA 7, —7; =

1
In—
B MomeHT t=1—7,, onpedeasercs (opmynoit ce’ 7' =ce ¢ =1. IlocneaHee PaBEHCTBO

MOKA3bIBACT, YTO OJHH JOJUIAP BHELIHETO KANHTaga B MOMEHT f =1 —7,, KOTOpPBIH A1 (PUPMBI IPUHEC
¢ JONIapOB KalMTala, 3KBUBAJICHTCH OJHOMY JAOIIAPY HMHBECTHPOBaHMSA B MOMEHT (=7 —7,. Ho

dupme Oe3pazTuvHO, WHBCCTHPOBATh WJIM HE HWHBCCTHPOBATH HEPACHPCIACICHHYIO MNPHOBLIL 0C3

U3AEPKEK B MOMEHT BpeMeHH =7 —17,. B urore, ¢pupme 6e3pa3nuino, BHIyCKAaTh AKIUH HA CYMMY B
OJUH JOJTAp B MOMEHT BpeMeHu f=71—7,, unu HeT. JIo Momenra (=7—7, BBITOJHO BBHIIIYCKATh

aKLUH B MaKCHMaIbHOM OOBEME HACKOJBKO 3TO BO3MOXHO. [locnme 3TOro MOMEHTa BBIIYCK aKLMH
CTAaHOBHUTCS HCBBITOTHBIM.
3ameuanue. OTMETHM, YTO aHATU3 CAyYas A OCYINECTBIICTCS MO TAKOH JKC CXEME, KaK U caydan

B. O,Z[HaKO B oTyinuue ot B 3ACCh UMCCTC JINMIIb OJUH MOMCHT NICPCKIOUCHUA PCKUMOB.

[IpexnonokeHHe O MTHOBCHHOW MPOAKE WM IMOKYIKE LCHHBIX OyMar HOCHT B HEKOTOPOM
CMBICJIC YCJ'IOBHLII\/'I XapakTep. O,Z[I/IH U3 BO3MOJXHBIX BapHUaHTOB MOACTUPOBAHUA TaKoOH cuTyanun
SAK/IIOYACTCd B PACHIMPCHUM Ki1acCa AOIMYyCTHUMBIX praBJ'ICHI/Iﬁ 3a CUCT BBCACHUA TaK HA3BIBACMBIX
uMITyJIbCHBIX (B3pbiBHBIX) (GyHKOuEA ([pixTa, Camconiok, 2003). K coxancHuio, pacuiupeHue Kiacca
JOMYCTUMBIX (PYHKIMH YCIOXKHACT MATCMATHYCCKHUN anmapat, HCOOXOAUMBIN AN UCCICIAOBAHUS 3TOTO
cyJas.

IMpeacraBmser 0coOwIN MHTEPEC CNyUai, KOTAa TOPHU3OHT IUIAHUPOBaHMA 7 B PacCMaTPUBACMBIX
MOJACTSIX JOCTATO4HO OombuION (T. €. Korga 7' —>+00), YTO MO3BOIET OCYIUECTBIATH JAONTOCPOYHOS
anupoBanue. Takol cay4ail mpeanoaaracTes HCCICA0BaTh B MOCICAYIOINX paboTax.

Kakx orMmeuamocs BBIIIC, AaHATUTUYCCKOC PCIICHUC PACCMOTPCHHBIX 3adav ONTUMAJIBHOTO
VOPABACHUS B OOIIEM CIy4ac BEChbMa 3aTPYJHUTCIBHO, TPOMO3AKO W TpeOyeT, BOOOIIEC TOBOPI,
paspaboTKH aJrOPUTMOB HX YHCACHHOTO PemcHMsI. TeM HE MEHEe, JUId WUTIOCTPAIMH TIPSITOKCHHOTO
MOX0Ma MOYKHO PACCMOTPETh XaPaKTCPHBIC YACTHBIC CIVUad MOJCICH ¢ KOHKPCTHBIM 3aJaHHCM CC
napameTpoB. Hampumep, B Mozenu 3amadn o OamaHce (HUHAHCOBBIX CPEACTB IMOJC3HO HCCICAOBATH
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PaA3IUYHBIC PCKUMBI U3MCHCHHS CITPOCA HA HAJMYHBIC ACHBIH, KYPCOB MPOLICHTHBIX CTABOK u Ap. B
YACTHOCTH, B 3TOH 3amad¢ ObLTM MPOBCACHBI MPCABAPUTECIBHBIC PACUCTHI IS CIAYYas «BOJIHOBOTOY
XapakTepa KojacOaHus MPOLICHTHRIX CTaBOK. Hampumep, a1s HCXOAHBIX JaHHBIX BUIA

1n(1)=02, r(r)=02+02sinxt, d(t)=20, x, =y, =300, U, =U, =100, & =0.1, I'=5
ONTUMAJIbHAS CTPATCTHS YIIPABICHUS (PHHAHCAMH UMEET BH
100, r€]0,1/3]w[4/3,7/3]1w]9/3,11/3],
0, te(/3,4/3)u(7/3,9/3)w11/3,5]

[MoapoOHOE M3I0KECHHUE PACUCTOB POCTA OOBEMOB HAMMYHBIX JACHET M LICHHBIX OyMar B KaXIOM

u'()=0, 1€[0,5], us(r) :{

>

BPCMCHHOM MEPHOJAC OTPAaHHYHBACT PCKOMEHIYEMBIH 0OBEM CTATBHH.

HHTepecHBIME MOTYT OKa3aThCsl M APYTHEC HCXOAHBIC JAHHBIC, KOTOPBIC XapakTCPHbl s
COBPCMCHHBIX (DHHAHCOBBIX ONEpaLUi B paMKax MPEIIOKCHHBIX MOJCICH. AHaIM3 TAKUX CLCHAPHCB
MOJKET OBITh TOJC3HBIM [ AHATUTHKOB M CICLUAINCTOB B JAHHOM 007acTH, YTO ILIAHHPYETCA
ocyiecteuth Ha iatdopme (bparkosekuii, 2022) craprana Braiora LLC.

[IpennoskeHHBIC MaTEMATHYCCKHE MOACIH MOTYT OBITh HCIOJB30BAHBI NPETIOAABATCISIMH,
acHHpaHTaMH U CTYACHTAMH SKOHOMHYCCKHX BY30B MPH H3YUYCHHH COOTBCTCTBYIOIIHX pPAa3lcioB

(hUHAHCOBOH MaTEMATHKH.

CIIMCOK JIMTEPATYPbI
(REFERENCES)

bparkoscknii E.B. 2022, Moaemm m amropuTMbl KpeAWTHOTO CKopuHTa. COOpPHHK HAy4YHBIX TPYJOB IO
Marepuanam 1V MexxayHapoHOH HAYYHO-IPAKTHUCCKOH KoH(epeHunH «COBPCMCHHBIC TCHACHIIMH PA3BHTHI
HAYKH M MEPOBOTO coodmecTBa». AHana: M3garemscteo « HULL DCID» B FODO. C. 56-58. [Bratkovski E.V. Models
and algorithms of credit scoring. Proceedings of scientific papers based on the materials of the IV International
scientific and practical conference «Modern trends in the development of science and the world community»
Publisher NIZ ESP. Anapa. PP. 56-58. (In Russ.)]

TI'adacos P.®., Kupuaioa ®.M. 1974. [Ipunyun maxcumyma 6 meopuy onmumanbroeo ynpagnenus. Mu.: Hayka
u TexHuka, MuHck. 272 c. [Gabasov R.F., Kirillova FM. 1974. Maximum Principal for Optimal Control Theory.
Minsk: Nayka i Technika. 272 p. (In Russ.)]

Tanees 3.M., Tuxomupos B.M. 2000. Onmumusayus: meopus, npumepuot, 3a0aqu. M.: Sauropuai, 320 c. [Galeev
E.M., Tikhomirov V.M. Optimization: theory, examples, problems. Moscow: Editorial. 320 p. (In Russ.)].

deixta B.A., Camcontok O.H. 2003. Onmumansrnoe umnyiscroe ynpagnenue ¢ npunosxcenusmu. M.: Ou3MaTrus.
256 c. [Dykhta V.A., Samsonyuk O.N. 2003. Optimal Impulse Control with Applications. Moscow: Fizmatgiz.
256 p. (In Russ.)]

Cwmousik C.A. 2004. OnrumansHOE oBeAcHUE (PUPMBI HA (DHHAHCOBOM PBIHKE M CTABKA AUCKOHTA. JKOHOMUKA U
mamemamuyeckue memoowr, Tom 40(2). C. 72-87. [Smolyak S.A. 2004. Optimal Behavior of a Firm in the
Financial Market and the Discount Rate. FEconomics and Mathematical Methods. Vol. 40(2). PP. 72-87. (In Russ.)].

Dymkou S., Dymkov M. 2014. Boundary Control in Large Scale Distributed Gas Transportation Network Systems.
Journal of Research and Applications in Economics. Vol. 2. PP. 21-25.

Elton E., Gruber M. 1976. Finance as a Dynamic Process. Operational Research Quarterly (1970-1977). Vol. 27.
No 1. Part 2. PP. 279-281. Palgrave Publishers. New York. DOIL: 10.2307/3009155
Fel’dbaum A.A. 1965. Optimal Control Systems. Publisher: Academic Press. New York. 452 p.

Krouse C.G. 1973. Optimal Financing and Capital Structure Program for the Firm. Journal of Finance. Vol. 27.
PP. 1057-1071. DOI: 10.1111/j.1540-6261.1972.tb03023.x

Sethi S.P., Thompson G.L. 1970. Applications of Mathematical Control Theory to Finance: Modeling Simple
Dynamic Cash Balance Problems. Journal of Financial and Quantitative Analysis. Vol. 5 (4-5). PP. 381-394,
Cambridge University Press. DOI: 10.2307/2330038

38 Benopycckuii akonomuueckuii xypuaas  Ne 102026



MaremaTtuyeckue MO/€J/ yIIpaBJI€HUS (bl/IHaHCOBbIMPI AKTHUBaMH

MATHEMATICAL MODELS FOR MANAGING
FINANCIAL ASSETS

Michael Dymkov' (https://orcid.org/0000-0002-3467-2169),
Sergey Dymkou?,
Yevgeniy Bratkovskiy*

Svetlana Makarevich!

! Belarusian State Economic University (Minsk, Belarus).
2MTBank (Minsk, Belarus).
3 Aston soft, Braiora LLCV (Minsk, Belarus).

Corresponding author: Michael Dymkov (dymkov_m@bseu.by).

ABSTRACT. This paper describes several applications of optimal control theory to economic problems.
In particular, it examines mathematical models concerning the rational management of financial institutions’
assets and methods for financing investments through a rational combination of retained earnings and
external capital. To solve these problems, the application of Pontryagin’s maximum principle — developed
in optimisation theory for dynamic control systems — is proposed. In the context of financial transactions,
the economic significance of the Hamiltonian and the adjoint variables used to determine the optimal
solution is discussed. Detailed solutions for two illustrative examples are provided, alongside graphical
representations of the resulting optimal trajectories. Finally, some generalisations of the proposed models
and their solutions under various constraints on a firm’s financial activities are also examined.
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