Benopycckuii akonomudeckuit skypuat. 2020. Ne 3. C. 87-105.
Belarusian Economic Journal. 2020. No 3. PP. 87-105.

HAYYHO-TEXHUYECKHNI IPOTPECC U HEUTPAJBbHOCTD
IO XUKCY, XAPPOAY U COJIOY: TEHE3UC,
INIOCTPOEHHUE N1 ObOBIMIEHUA

A.®. IIponesnuy, I'.A. Xankesuy’

AHATU3UPYIOTCS TOHATUS HENTPAIBbHOCTH HaydHO-TexHuYeckoro nporpecca (HTII) mo Xukcy, Xappo-
ny n Cosnoy. OnucaHbl MHOXKECTBA arpeTUPOBAHHBIX MTPOU3BOJCTBEHHBIX (DYHKITNHN, YUUTBIBAIOTINX HEHT-
PaJbHBIH, PacITNPEeHHO HEWTPATbHBIN 1 TTOJTHOCTHI0 HelTpaabHbli 1o Xukcey HTII. Ykasansl anamnTndeckue
BU/IBI AMHAMWYECKUX TTPOU3BOICTBEHHBIX (DYHKIIWI, yUUTHIBAIOMNUX HelTpambubiii mo Xappoxy HTII n
Hetitpambbiil o Cosioy HTTI. BoijieseHbl Kiracchl OHOPOIHBIX TPONU3BOICTBEHHBIX (DYHKITNI, YUUTBIBAIO-
mux HTII, mefirpanphbrit mo Xuxcy, Xappoay u Cosoy. BeISIBIeHBI aHAINTHYECKNE CBI3U MEXK/Y MTOHITH-
SAMU — HEUTPAJbHBIN, PAaCIIMPEHHO HEUTPATbHBIN 1 TTOJHOCTBIO HelTpanbubiil 1o Xukcy HTII. ITpensoskenn
0600IIEeHNST TIOHATHI «HEHTPATBHOCTD M0 XHUKCY», «HEHTPATBHOCTD M0 Xappoay» U <HEUTPaTbHOCTH 110
Conoys, a TakKe YCTaHOBJEHBI COOTBETCTBYIONINE UM KJIACChI arPETUPOBAHHBIX TUHAMUYECKUX TTPOU3BOI-
CTBeHHBIX (DyHKIUH. [[prBeieHbI aHATUTHYECKUE KPUTEPUU TOTO, UTO arPerHPOBAHHbBIC TTPOU3BO/ICTBEHHBIE
dbynxmun yanrsisator HTTI, meiirpanbabiii o Xukcy, Xappoay u Comoy.
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XUKCy, HEUTPAThbHOCTD TI0 Xappoy, HelTpaabHOCTh 110 CoJioy.
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Hayuno-texnuyecknii nporpecc (HTII) — 310 pa3BuTHe TEXHWKM U TEXHOJOTUH MPOM3BOACTBA, a
TaKXKe POCT OPraHU3aluy MPOU3BOJACTBA, MOBBILIEHUE TEXHUYECKOrO YPOBHS KAJpOB, U3MEHEHHUE HX
npodeccCuoHaIbHONW CTPYKTYpbl M Jpyrue (akrtopbl; HeoOXoaMMasi MPeAnochliKa PaclIMpeHHOro BOC-
npomsoncmal. DxoHoMuko-Marematudeckuid anann3 HTIT Hanbosee mogHO MPOBOIUTCS C TTOMOIIBIO
TeopHH Mpou3BoAcTBeHHbIX (ynkimii’ ([lnakyHos, Pasukac, 1984; Kneiinep, 1986).

PaccMoTpuM TMHAMUYECKYO arperupoBaHHYIO MPOU3BOACTBeHHYIO QyHKIHIO ([1D)

Y=F(K,Lj), )

rae Y — BbIycK NpOAYKLMMU;

K — xarmaa,

L —T1pyn;

! — mapaMeTp BpeMeHH M3 uucioBoro agy4a R, =[0;+00), kaxkaoe 3HaYeHHE KOTOPOrO BbIPAYKAET
ornpeneneHHblii ypoeHb HTTL, a HeoTpuuaTenbHas QyHKUuUs F siBisieTcst ABaXKbl HenpepbiBHO audde-

peHuMpyemoii Ha MHOkecTBe D =G xR, skoHOMMueckas obnactk G R ={(K,L): K >0, L >0}.

+9
Hauunas ¢ 20-x rogoB XX B. UCClIeIOBATENIU MbITAIUChH MOHATH, B yeM cocTouT HTII ¢ Touku 3pe-
HUs MaKpOSKOHOMquCKOﬁ JUHAMHKH, KAKUC SKOHOMHUYCCKHE MMOKAa3aTC/IM OH OCTaBJIACT HCU3MCHHbBIMHA
(HelTpabHBIMU, MTHBAPUAHTHLIMHK) BO BPEMEHHU, a KaKUe — U3MEHSIET.
! Jlomarnukos JI.U. 2003. Sxonomuro-mamemamuueckuil cio8apy: CIOBapb COBPEMEHHON 3KOHOMUYeCKO# Hayku. Mocksa:

Jleno. C. 214-215.
2 Topbynos B.K. 2013. [Ipouseodcmeennvie (ynxyuu: meopus u nocmpoenue: ydebmoe mnocobue. YabsaHopek: Yial'V.
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A.®. IIPOHEBUY, I''A. XAIIKEBU1Y

Opna u3 nepsbix kinaccudukanmii HTTI 6bi1a npennoxena B 1920 r. npodeccopom KemGpumrcko-
ro yausepcutera A.C. Iury B paGore « DkOHOMMUECKas T€OpHs GI1ar0COCTOSHUA» : «M300pETeHUs WH
HOBOBBE/ICHHSI, YMEHbILIAIOUIME OTHOLICHUE KanuTajia K TPyAy B TOW OTpaciiu, rje OHU BHEAPSIOTCS, Oy-
JIyT KanutajocOeperaiumMu, U300peTeHrss WM HOBOBBEIEHUS, YBETMYMBAIOIIME 3TO OTHOLUEHHE, —
TpynocOeperalouuMu, a 1300peTeHus] UM HOBOBBEACHMS, OCTABJISIOLIME €r0 HeM3MEHHbIM, HelTpasib-
ueiMay”’. B 1932 1. Jlx.P. Xukc aHanusupyer noaxos, pazpaborannbiii A.C. Ilury, noasepraer ero kpu-
THKE M TIpeUIaraeT CBOIO KacCH(MKALIMIO’, OCHOBAHHYIO HA U3MEHEHHH C TeYeHHEM BPEMEHHU Mpe/eib-
HOM HOPMBI TexHuueckoro 3amernenus’: «Eciau paccMaTpuBath aBa (hakTopa, «TPyaA» M «KaTHTa€», TO
M300peTeHus] MOXKHO KJIACCM(ULIMPOBATh B COOTBETCTBHM C TEM, YBEJIMUYUBAIOT JIM OHH, OCTaBJISIOT
HEU3MEHHBIM JIM00 YMEHbIIAIOT OTHOLLIEHHE MpeAebHON MPOU3BOAUTENBHOCTH KaluTasla K MpeaeibHOMI
MPOU3BOIUTEIILHOCTH TPY/ia MO CPABHEHUIO C €€ MepBOHaYaIbHbIM cocTosiHUeM. Takue uzobpereHus Oy-
JIeM Ha3blBaTh «TpyAocOeperaouMmu», KHeUTPaIbHbIMU» U «KanmuTalocOeperatoiuMm») COOTBETCTBEH-
Ho». Jlk.B. PoGuHCOH B cBoeit MoHOrpaduu «Ouepku Mo TEOPHH 3aHATOCTHY ' MPH 00CYKAEHUH BIMSHUS
TEXHOJIOTMH Ha MOJIOKEHUE JOIrOCPOUHOr0 PaBHOBECHS B TEOPUM 3aHATOCTH MCIONb30Basla KilacCU(u-
Kkauuio npodeccopa Jk.P. Xuxca HTII nipu TONONTHATENEHOM YCIOBUM®: «(DOHIOBOOPYIKEHHOCTh TPY/Ia
SABISETCS BEMUYMHON MOCTOAHHOMY’. B nanbHelimem nanHas MoauduKaLms onpeneneHus HelTpaibHO-
cti HTTI no Xukcy nonyuuiia mupokoe pacrnpocrpanenue (Uzawa, 1961; Sato, 1965; Sato, Beckmann,
1968; Stiglitz, Uzawa, 1969. P. 20; Ferguson, 1969. P. 217; Kyp3enes, Marpeenko, 2018. C. 73-74)"" u
CeroJiHs B HAy4YHOM JIUTepaType UCIOb3yeTCs B KaUeCTBE OCHOBHOTO MOHATHS.

Wnes eme onHoit knaccudukauuu HTTI 6bina 3anoxena P.d. Xappoaom B petiensuu'' Ha kHury
Jbx.B. Pobuncon «Ouepku 1o TeOpyHr 3aHITOCTU» M MO3/IHeE B PacIIMPEeHHOM BHJI€ U3JIOXKEHA B €ro Mo-
Horpadun «K aMHaMHUUecKO# 3KOHOMHUYEeCKOH Teopun»'2. TIonpoGHOMY M ry6OKOMY H3yYeHHIO BOMpPO-
COB MCTOPUM BO3HUKHOBEHUS U CTaHOBJIEHUs MOHATUSl «HeiTpasbHocTh HTII mo Xapponmy», a Takke
BO3MOXKHOCTH €ro WCIOJIb30BaHUS B TEOPUM DKOHOMMUECKOro pocTa (uepe3 AMCKYCCHHM W MEepernucky
P.®. Xappoma c skoHomucramu H. Kampopom, P.®. Kanom, J[x.M. Keitncom, [[x.B. Pobuncon,
I[1. Cpadda, P.Jlx. XoyTpu u ap.) nocesiiieHa padora npodeccopa . becomu (Besomi, 1999).

[lousitue «neiirpanbHocts HTII mo Conoy», koTopoe siBAsieTcss CAMMETPUYHBIM 0 OTHOLLIEHUIO K
noHsATuio «HertpanpHocTh HTII mo Xappomy», ObUI0 BBEGHO U MCNOJIB30BAHO B paboTaX aMepUKaHCKO-
ro sxoHomucta P.M. Cosnoy (Solow, 1960; Solow, 1962; Solow, 1963).

Jlns neoxnmaccuueckux I1® (1) B cratbe P. Cato u M. bekmana (Sato, Beckmann, 1968) B 3aBucu-
MOCTH OT MHBapuaHTHOCTU oTHOcuTeNbHO HTII paznuunbix cooTHoUeHU# (paccMOTpeHbl 15 ciydaeB)
MEX]ly OCHOBHBIMM YKOHOMHKO-MaTeMaTHUECKUMHU XapakTepucTukamu 1D BBeneHbl BO3MOXKHBIC OMpe-

3 Pigou A.C. 1920. The economics of welfare. London: Macmillan. P. 719.

4 «... an invention or improvement which reduces the ratio of capital to labour in the industry to which it applies will be
capital-saving, one which increases it labour-saving, and one which leaves it unchanged, neutraly.

3 «If we concentrate on two groups of factors, «labour» and «capital», and suppose them to exhaust the list, then we can
classify inventions according as their initial effects are to increase, leave unchanged, or diminish the ratio of the marginal product
of capital to that of labour. We may call these inventions «labour-savingy, «neutral», and «capital-saving respectively».

¢ Hicks J.R. 1932. The theory of wages. London: Macmillan. PP. 121-122.

7 Robinson J. 1937. Essays in the theory of employment. London: Macmillan.

8 «I made use of Mr. Hicks's classification of inventions, according to which an invention is said to be neutral when it
raises the marginal productivities of labour and capital in the same proportion, and is said to be labour-saving or capital-saving
according as it raises the marginal productivity of capital more or less than that of labour, the amounts of the factors being un-
changed» (Robinson, 1938).

° Robinson J. 1938. The classification of inventions. The Review of Economic Studies. Vol. 5(2). PP. 139-142.

10 Nanasn B.C. (Pen.) 1973. Modenuposanue napoono-xossaiicmeennvix npoyeccos: yiebnoe nocobue. Mocksa: Jxo-
Homuka. C. 433—435.

" Harrod R.F. 1937. Review of Joan Robinson's «Essays in the theory of employment». Economic Journal. Vol. 47.
PP. 326-330.

12 Harrod R.F. 1948. Towards a dynamic economics. London: Macmillan. PP. 22-27.
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nenenust HeiitpanbHocT HTII 1 momyyeHsl COOTBETCTBYIOIIME UM aHAIWTUYECKUE MPEICTaBIEHUs AU-
HaMHUYeCKuX JTUHeHHOo-0qHOpoaHbIX [1D. [TpuBenenHas knaccupuKays pa3IMYHbIX TUTIOB HEHTpabHO-
ctu HTII Obuia anpobupoBaHa Ha cratuctudeckux aaHHbIX CILIA, Snonuu m [epmanum (Beckmann,
Sato, 1969). Ananutuyeckre GopMbl JTUHEHHO-OAHOPOIHBIX AHaMU4Yeckux [1D, koTopble 0HOBpEMeH-
HO YYMTBIBAIOT pa3iIUyHble TUIIBI HEUTPAJbHOCTH M0 Kiaccupukanmu Cato — bekmana, ObLITU BbIIEIEHBI
B pabore (Gehrig, 1980).

OTMeTuM TakXke U TO, YTO IIUPOKOE pacipoCTpaHEeHHe B MAKPOIKOHOMMUYECKOM aHaIN3e MoTyyuiia
kiaccuuxarmss  HTII, paspaboranHas BbLAAOIMMCS —TMOJBCKUM  SKoHOMHUCTOM M. Kanenxum
(Osiatynski, 1993. P. 53; Chilosi, Gomulka, 1969).

Bexu cranoBnenus u pazputusi reopun HTII, ero BiusHue Ha SKOHOMUYECKUN POCT, a TakxKe 0030p
HAyYHOH JTUTEpATyphl 10 3TOMY HarnpasjeHuto npuseneHsl B (bpayn, 1971; Bapmasckuii, 1984; [Tnaky-
HoB, Pasukac, 1984; Anunmkun, 2003; Bappo, Cana-u-Maprus, 2017; Kypsenes, Matseenko, 2018)".

Jlannas paborta nponomkaer uccnenopanus'® (Xaukesuu, ITponesnu, 2017; Xarkesuy, [Tponesuu,
Yaiikosckuid, 2019; Khatskevich, Pranevich, 2017, 2018; Khatskevich, Pranevich, Karaleu, 2019) no
U3yUYEHUIO MoKa3arened 2(PeKTUBHOCTH Ipolecca 3aMelleHns (GakTopoB MPOU3BOACTBa. B craThe onu-
CaHbl KJIACCHI arperupoBaHHbIX AMHaMuueckux [1D, yuuTbiBaomux HEUTpalbHbIN 110 XHUKCY, 110 Xappo-
ny u o Conoy HTII. Ilpenynoskensl 00001eHHS] MOHSATHH «HEHTPAIbHOCT MO0 XHUKCY», «HEUTPaIbHOCTh
1o Xappoay» U «HeUTpanbHOCTh 0 Comoy».

Hayuno-mexunuyeckuii npozpecc u Heiimpaibnocms no Xukcy

HTII, neiitpaabubiii no Xukcy. HTTI Gynem HaswiBaTh wetimpanshviv no Xuxcy" (KypseHes,
Matseenko, 2018. C. 73-74), ecnu mpeenbHas HOPMa TEXHUUYECKOTO 3aMelleHns (Tpyaa Kanuranom) '
MRTS,, He uU3MeHsAETCS C TEYEHHUEM BPEMEHU NpU (UKCUPOBAHHOH (HOHIOBOOPYKEHHOCTH Tpyla
k=K/L, 1.e. MRTS,,(F)=const npu K /L =const.

Ecnu npu noctostHHO#M (OHI0BOOPYKEHHOCTH TpYy/ia NpeeibHas HOpMa 3aMelIeHHUs] BO3pacTaer co
BpeMeHeM, T. e. 0, MRTS,, (F)>0 npu K/L =const, To UMeeT MecTO mpyooemkuii 10 XUKCY TUI KO-

HOMMYECKOTr0 pa3BuTus. Eciii nipu mocTossHHON ()OHI0BOOPYKEHHOCTH TpyJia MpeneibHas HopMa 3aMe-

13 I'panbepr A.I". 1988. Modenuposanue coyuanucmuueckoii sxonomuxu: yaeGuuk. Mocksa: xonomuka; Jlanasu B.C.
(Pen.) 1973. Mooenuposanue napoono-xo3aiicmeenneix npoyeccos: yueobnoe nocobue. Mocksa: Dxonomuka; Msaununos 10.11.,
JloroB A.B. 1979. Marematuyeckue MoJieaM B SKOHOMHUKe: yueOHoe nocobue. Mocksa: Hayka.

14 T1poneBnu A.®., Xaukesuu [".A. 2020. ['onoreTnyHble TPOU3BOACTBEHHbIE (DYHKLIUH MO JIMHEHHOMY 3K30r€HHOMY
Hay4YHO-TEXHUUECKOMY Iporpeccy. Muoeomeprulii cmamucmudeckull aanus, SKOHOMeMmpUKa U MOOEIUpoBaHUe peanbHulx npo-
yeccos: Tpyabl X MexayHapoHOi wkombl-ceMuHapa. Mocksa: LIOMU PAH. C. 120-122.

15 Manasn B.C. (Pen.) 1973. Mooenuposanue napoono-xossticmeennvix npoyeccog: yuebHoe nocodne. Mocksa: JKo-
HomuKa. C. 434.

16 dK 0,F(K,L,t)

IpenenbHasi HOpMa TeXHUYECKOro 3amerenus (tpyaa kanuranom) MRTS,  (F) = ——— = ————— sisiercs
LK
dL  0.F(K,L,t)
Juist auHamudeckoit [1d (1) xapakTepucTHKOl MepBOro nopsiaika (OTHOCHTENILHO MPOU3BOAHBIX) U Ha S3bIKE MPOLIEHTOB MPUOITH-
)KEHHO OKa3bIBaeT, Ha CKOJIbKO MPOLIEHTOB HY)KHO YBEJINUUTb WM YMEHBIINTh UCIIONb30BaHUE KanuTana K Npu yMEHbLICHUH
Wiy yBenuueHnu tpyzaa L Ha 1% jist Toro, 4ToObl COXpaHUTh BBIMYCK MPOAYKLMU ¥ HEM3MEHHBIM Tpu 3ajanHoM yposHe HTII #
(Tapacesuu JI.C., I'pebennnkoB [1.1., Jleycckuit A.W. 2015. Muxposxonomuxa: yaebHuK n npaktukyM. Mocksa: FOpaiit. C. 41—
42). I'papuueckn xapakreprctnka MRTS npejcraBiseTcs TAHIEHCOM yrila HaKJIOHA KacaTelbHOM K u3okBaHTe [1d B TOUKE,
yKa3zblBatoLlell HeoOXoANMbIe 00bEMbI TPy M KaruTasa Jls POU3BOJICTBA 3a/laHHOr0 o0beMa npoaykuuu. [IpesensHas HopMa

TexHuueckoro 3ameuennsi (kamutana tpyaom) MRTS,, (F) =1/ MRTS,, (F). 3nech n nanee s ynoOCTBa BbIYHCIICHHI
uepes 0,, O u 0, 0603HAYEHBI YACTHbIEC POU3BOHBIE IIEPBOrO MOPSIIKA MO epeMeHHbIM 7, K 1 L coOTBETCTBEHHO, a Yepe3

2 a2
0y, 0

xr» O, — CMCLIAHHBIC YaCTHBIC IIPOU3BOAHBIE BTOPOI'O MOPsJAKA 1O COOTBETCTBYIONM IEPEMCHHBIM.
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1IeHUs yOBIBAET C TeUEHUEM BpeMeHH, T. €. O, MRTS,, (F')<0 npu K/L =const, ToO UMEET MECTO Kanu-

manoemkuil (WM poHOoemKuil) 10 XUKCY TUI Pa3BUTHSI.

[Tpu neiitpansHom no Xukcy HTII dynkuus MRTS,, He 3aBucut ot napamerpa HTII 7, a aBnsercs

HEKOTOpoii (yHKuHeir'” /1 OT (OHIOBOOPYKEHHOCTH TPY/a:

0,F(K,L,t) h( K j )
0, F(K,L,;t)y \ L)

MHOoXxecTBO (YHKIMIA, yYUTHIBAIOIIUX HelTpanbHblid o Xukcy HTII, o6o3Hauum uepes HN.
Hanpuwmep, nunamudeckas 11D Bukcenns — Tunbeprena'®

F(K,Lt)=AK"I’¢", 4>0, a,p,y e R\{0} 3)
yuutsiBaer HTTI, HeliTpanbHbili o XuKCy, 10O TpeaenbHas HOpMa TEXHUUYECKOro 3aMelleHus (Tpyaa
kanutanom) MRTS,, (F)= E% ABJISIETCS TIOCTOSIHHOM BeMunHOM npy K/ L = const.

a

Onumiem nossiTve HeiftpansHocTd HTTI o XHMKCY B TepMMHAX HeNpephIBHBIX TeMIOB nmpupocra'’
MpeeNbHBIX MPOU3BOIUTENBHOCTEN Tpyaa U KanuTana. s 3Toro nmpeacTaBUM YacTHYIO MPOU3BOJHYIO
110 BpEMEHH OT MpeJebHOI HOPMbI TEXHHYECKOTO 3aMellleHns (Tpya KanuTajioM) B cleayroeM Buae™’:

5 MRTS, (F)=3, ( o,F j _0,(0,F)-0,F —08,F-0,(3,F) _0,(3,F) &,(cF) 8,F _

o F (04 F) 0 F 0, F 0.F

_00F) 0F 00 OF _ 5 (1ng,F)-0, (noF)) 2L

=(T, =T, )MRTS, . (F),
0,F 0.F  0,F OF o F (7.-T:) w(F)

rne 7, =0,(In0yF) n T, =0,(In0, F') — TemIbl NpUpOCTa MPeIebHON TPOM3BOIUTEIBHOCTH KalKuTala

Y TpyJla COOTBETCTBEHHO.
OCHOBBIBasICh HA COOTHOIIEHUSAX TEMIIOB MPUPOCTOB IMpeeNbHbIX MPOU3BOAUTENIBHOCTEH Tpyla U

KamnuTaa, noaydaeM: 1) ecim TemI IpupocTa MpeeinbHON MPOM3BOAUTENBHOCTU TpyAa 7, MpEBBIIIAET
TEMII IPUPOCTA MPeAeIbHON NPOU3BOAUTENBHOCTH KanuTana 7, T. €. T, >T,, TO UMEET MECTO mpyoo-
emkuil (no Xukcy) HTII; 2) ecau temn mpupocTa npenenbHOM NPOU3BOAMTENBHOCTU Tpyna 7, paBeH
TEMITy NPUPOCTA MPEAETbHON MPOU3BOAUTENBHOCTH KanuTtana 7., T. €. 7, =T, , a 3Ha4uT, pOCT BOBJIE-

YeHHUs! B NMPOU3BOJCTBO JOMOJHUTEIBHOIO YHMCIa 3aHATHIX PaBeH POCTY MPUBJIEUEHHS B MPOU3BOACTBO
karurana, To umeetr mecto HTII, weimpanenouiii o Xukcy; 3) eciu TeMIl IpupocTa MpeaelbHON Tpou3-

BOAUTENIBHOCTH TpyJda 7, MEHbIIe TeMIa NMPUPOCTa MpeeibHOM MPOU3BOAUTENBHOCTH Kamutana 7,
T. €. T, <T,, To uMeer MecTo kanumanoemxuii (no Xuxcy) HTIL

Knacc arperupoBannbix [1® tuna AN onuceiBaercs CAeAYIOLIMMU YTBEPKICHUSIMH.

17 ®ynkums # Gynet HenpepbiBHO nu(hepeHIpyeMOi, Tak Kak Py 3aaHiH IMHAMUYECKOH arperuposanHoii [1® (1)
MOJIOXKEHO, UTO (QYHKIMS F SBISETCs IBaXK/bl HEMPepbIBHO AuddepeHunpyeMoil.

18 Tinbergen J. 1942. Professor Douglas’ Production Function. Review of the International Statistical Institute. Vol. 10.
No 1/2. PP. 37-48.

18 I'panbepr A.I'. 1988. Mooenuposanue coyuanucmuuecxoii sxonomuxu: yaeobuuk. Mocksa: Dxonomuka. C. 256-257.

20 NMapmasn B.C. (Pen.) 1973. Modenuposanue napodno-xossaiicmeennuix npoyeccos: yiedbHoe nocodue. Mockpa: DKo-
HomuKa. C. 434.
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1°. unamuueckas [1® (1) yuutsiBaer HeliTpansHblil o Xukcy HTII Toraa u Tonbko Torna, koraa
€e MOYKHO MPEJICTABUThH B AaHAIMTHYECKOM BUJIC

F(K,L,t)=0(Y(K,L),t), 4

rne @ — HekoTOpas HeoTpHIlaTedbHas HeMpephIBHO AuddepeHpyemas QyHKuus nepeMeHHsix ¥V u ¢,
a Y — nuHeliHO-oHOpOAHAs HenpepblBHO AuddepeHpyemas GpyHkuus ot K u L.

Taxk, Hanpumep, no yrBepxkaeHuto 1°, [1d Bukcennst — TunOeprena (3) yuuThiBaeT HEUTpasIbHBIN
no Xukcy HTTI, u6o ee MoxHo npencrasuth B Gpopme (4) ¢ Bremneil Gpynkuueii O(W,1) = AVY“Pe” n
BHYTpeHHell TMHelHO-01HOpOoIHOM yHKImel W(K, L) = K“/ P [P,

2°. OpnoponHas creneHu g € R\{0} TI® (1) yuurtsiBaer HeliTpanbublii no Xukcy HTII, eciu u

TOJIBKO €CJIM OHAa MOYKET OBbITh MPEACTaBlIeHa B aHAIMTUYECKOH (hopme
F(K,L,1) = A1)O(K, L), )

rae @ — HeKoTopasi HeoTpHULaTeIbHasi OIHOPOAHAsS CTENeHN ¢ HenpepbiBHO AuddepeHpyemas QyHK-
1S, a cTporo Bospacrawommas GpyHkius 4 Takas, yto A(0)=1, ectb nugekc HTTI.

HTII, pacuunpenno Heiitpaabublii mo Xukcy. HTII HazoBeM pacuiupenno wneiimpanvroim no
Xuxcy (Hicks, 1932. P. 121-122; Morimoto, 1974; Blackorby, Lovell, Thursby, 1976), eciau npeaenbHas

HopMa 3amMelenus (Tpyza kanutanoMm) MRTS,, (F') He 3aBucut ot napamerpa HTII 7.

Takum obpazom, nuHamudeckas [1® (1) yuureiBaer HTII, pacimmpeHHO HEHTpaNbHBIA 110 XUKCY,
€CITM M TOJIBKO €CII UMEET MECTO TOXKIAECTBO

0, F(K,Lt)

o FK.L) h(K,L). (6)

MuoxectBo [1®, yuuThiBarOmMX paciidpeHHO HelTpanbHbii 1Mo Xukcy HTII, o6o3HaunMm uvepes
EHN. OtmeruM, uto MHOXKECTBO HN < EHN. [{ns [1® tuna EAN BepHBI Clieylole YTBEPIKACHUS.

3°. (Kpurepuit HTII, pacmupenno HeliTpanbHoro mno Xukey.) I1® (1) yuuteiBaer HTII, pacumpen-
HO HelTpanbHbliA 10 XUKCY, €CIIU U TOJBKO eciu BepHo ToxaecTBo 0, MRTS,, (F)=0.

4°. (Leontief, 1947; Sono, 1961; Morimoto, 1974) I[1® (1) yuuThIBaeT paclIMpeHHO HEUTPaIbHbIN
no Xukcy HTII Toraa u TojbKo TOr/Aa, KOTjla €€ MOYKHO MPEACTAaBUThH B BUJIE

F(K,L,t)=0(Y(K,L),t),

rne @ — HekoTopas HeoTpHLaTENbHASI HEMTPEPBIBHO MU dhepeHunpyemMas GyHKIUS IBYX MepeMeHHbIXx ‘Y
u ¢, a ¥ — HenpepsiBHO quddepenuupyemast GpyHkuus Ha odsacti G ot K u L.

5°. Opnoponnas crenenn g € R\{0} T1d (1) yuuTpiBaeT pacumpeHHO HEHTpalbHBIA 1O XHUKCY
HTII B TOM ¥ TOJIBKO B TOM Clly4ae, KOTrJla OHa MOYKET OBITh MpeJIcTaBiieHa B BUE (5).

OCHOBBIBasICh Ha YTBEPKACHUAX 2° U 5°, MoydyaeM CIeIyIOIyt0 3aKOHOMEPHOCTb.

6°. Omnoponnas crenenun ¢ € R\{0} I1® (1) yuursiBaer Heiirpanbubiii mo Xukcy HTII torma u
TOJIBKO TOI'JIa, KOT/Ia OHA YYMTHIBAET paclIMpeHHO HelTpasibHblid Mo Xukcy HTIIL.

HTII, nonbHOCTHIO HeliTpanbHbIil o Xukey. bynem rosoputs, uto HTII siBasiercsa noanocmuoio
neumpanvHuim no Xuxcy (Blackorby, Lovell, Thursby, 1976), ecnu ans nunamudeckoit [1D (1), yaursi-
Baromer >Tot HTTI, BeITOaHSIETCS cCCTEMA TOXKIECTB

0 (INF(K,L,1))=0(K,L), 0, (InF(K,L,t))=w(K,L), (7)
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Ile @ ¥ y — HEKOTOpble HelpepblBHO AU depeHIpyemMble Ha 3KOHOMUYECKoi obaactu G QpyHKLMH,

KOTOpbIE He 3aBUCAT oT napamerpa HTII 7.
MuoxectBo [1®, yuyuThiBarOmuX MONMHOCTBbIO HeWTpanbHbiil o Xukcy HTII, obo3naumm uepes
CHN. Otmerum, yto CHN < EHN, 100 B cuity ToxJecTB (7) umeem

0,F(K,Lt) _9,F(K.Lt) F(K,Lt) _0,nF(K,Lt) _oK,L)
0 F(K,Lt)y F(K,Lit) 0.F(K,Lit) 0,InF(K,Lt) w(K,L)

MRTS, (F)=

a 3HauuT, BepHO ToxkAecTBO (6) mpu A(K,L)=o¢(K,L)/ y(K,L).

O6umii Bua [1®, yuntsiBaommx noiHocThI0 HelTpanbHblid 0 Xukey HTII, onuceiBaer ciemyro-
11ee yTBepKIeHHUE.

7°. (Blackorby, Lovell, Thursby, 1976) [unamuueckas [1® (1) yumteiBaer HTII, momHocThIO
HEUTpabHbIA 0 XHUKCY, €CIIU U TOJIBKO €CIH €€ MOKHO MPEICTaBUTh B BUJIE

F(K,L,t)= A)A(K,L), ®)

rae A — Hekoropasl HeoTpulaTeldbHas HenpepblBHO auddepeHnupyemas (yHkuus Ha obnmactu G, a
ctporo Bo3pacrtaromas GpyHkius 4 Takas, yto A(0)=1, ectb ungexc HTTI.

Ha ocHOBaHMM yTBepKIeHUs 7° U MOHATUS «npodykmoysenuyuearowuii HTIT»*' momydaem cuey-
FOLIYI0 3aKOHOMEPHOCTb.

8°. HTII sBnsieTcst MOMHOCTBIO HEUTPaAIbHBIM MO0 XUKCY B TOM M TOJBKO B TOM Clly4ae, KOrJa OH
SIBJISIETCS TTPOAYKTOYBeTudIuBaomuM. CrenoBaTenbHO, MOHATUS «poaykroyBennunBarommi HTID» u
«noJHOoCThI0 HelTpanbHbli 0 Xukecy HTID» paBHOCMIIBHBI U UX MOXXHO MCIOJb30BaTh HA PaBHBIX IMpa-
BaX (Kak CHHOHUMBI).

9°. (Kputepuii monHoi HerTpamsHocTH mo Xukcy HTIL.) dns toro, uro6sr I1d (1) yuuTsiBama
HTII, nonHOCThIO HEUTPATbHBIN MO0 XUKCY, HEOOXOIUMO U JOCTATOYHO BBHIITOJHEHUS TOKIECTBA

8, InF(K,L,t)=06(t), 9)

rae 6 — Hekoropas ¢yHkuus (temn npupocta unaekca HTII), koropast 3aBUCUT TOJNIBKO OT Mapamerpa
HTIL

Ucxons u3 Toxxaectsa (9) paccMOTpHUM CIETYIOIINE BO3MOKHOCTH::

Cayuair 1. llyets 0(r) =0 V¢eT, 1. e. umeer mecto nynegoi memn npupocma unnekca HTII. To-

I/1a Ha OCHOBaHUM ToxaecTBa (9) momydaem, uto A(f)=a=const u [1® F(K,L,t)=aA(K,L) sBasercs
CTallMOHAPHOM, T. €. He 3aBucHT oT napamerpa HTII 7.

Cnyyau 2. Tlyets 0(t)=A VieT, AeR\{0}, T. e. UMEET MECTO NOCMOSIHHbII MEMN NPUPOCMA
ungekca HTII. Torma Ha ocHoBaHMM ToxaecTBa (9) momydaem, uto A'(t)/ A(t) =\, a 3HAUWT, UHIEKC
HTI A(t)=ae" VteT, uucno a>0, u [I® F(K,L,t)=ae” A(K,L) TpUHUMAeT aHAIUTHYECKYHO
¢dopmy TunbGeprena.

Cryuau 3. B obmem ciydae, xorna temn npupocta uniaekca HTII 3aman B Bujie HenpepbIBHOW
¢byukiuu 0(7), Ha ocHoBaHMHU ToKAecTBa (9) monydyaem, uro A'(z)/ A(t)=0(¢), a 3uauur, uagekc HTII

Af) = aexpje(z) dt, uucno a>0, uTl®d F(K,L,t)=aA(K,L)exp j 0(¢) dt.

2l Yepemusix FO.H. 2008. Muxposkonomuxa. Ilpodsunymoiii yposens: yaebnuk. Mocksa: UH®PA-M. C. 224; Vanu-
noB FO.I1., JlotoB A.B. 1979. Mamemamuueckue modenu 6 sxonomuxe: yaedbHoe nocooue. Mocksa: Hayka. C. 83-85.
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Knacc I1®, yuntsiBatommx kak HedTpaiabHbii o Xukcy HTII, Tak 1 MOJHOCTBIO HEUTpaIbHBIM MO
Xukcy HTTI, onuceiBaeT cnenyroliee yTBepKIeHHE.

10°. Iunamuyeckas [1P (1), yuurbiBaromias moIHOCTbIO HelTpanbHbld o Xukcey HTTI, Oyner Tak-
K€ y4UThIBaTh U HelTpanbHblil o Xukcy HTII, eciu v ToapKO eciau ee MOXKHO NMPEACTaBUTh B AHAIUTHU-
yeckoi hopme

F(K,L,t)= A(f) H(¥(K, L)), (10)

rne H — Hekoropas HeoTpulaTeNlbHAas HenpepblBHO AuddepeHuupyemas ¢ynkuus, V — nuneliHo-
OIHOpO/IHAS HENpepbIBHO AuddepeHmpyeMas GyHKIMS ABYyX IepeMeHHbIX K U L, a cTporo Bo3pacraro-
mas ¢pyHkuus 4 takas, uto A(0)=1, ectb unnexc HTII.

HTII, 0606menno Helitpanbublii o Xukcy. HTII HazoBem 0606wenno netimpanvhoviv no Xuxcy,

€CJIM IpejielibHasg HOpMa TEXHUYECKOro 3amellenus (Tpyaa kanutainom) MRTS,, He u3MeHsAeTcs ¢ Tede-

HUEM BPEMEHH BJI0JIb TPAeKTOPUi pa3BuTus skoHomukn™ y(K,L)=C, T.e.
MRTS, . (F)=const mpu y(K,L)=C. (11)

Takum o6paszom, npu 06001eHHo HelTpanbHoM 1o Xukcy HTII gynkuus MRTS,, He 3aBUCHUT OT
napamerpa HTII 7, a siBisieTcss HEKOTOPOH HerpepbiBHO AuGdepeHunpyeMoit GyHKuue 4 oT GyHKIUH

v, 3a/1al01lel TPaeKTOpUN pa3BUTHS SKOHOMUKH, T. €.

0, F(K,Lt)

S KL h(w(K,L)). (12)

MHuoxectBo nuHamudeckux [1D, yuutsiBaromx 00001eHHo HelTpaiabHbli mo Xukcy HTTI, 06o-
3HauuM uepe3 GHN. OtmeruM oueBuaHOE BKItoueHue HN < GHN — EHN.

B kauectBe mmmoctpanuu onpenenenus (11) onuirem o6001eHHO HedTpanbHbI 110 Xukcy HTII
BJIOJIb TPAEKTOPUH pa3BUTHSI SKOHOMHUKH, 3aJJaHHBIX JIMHEWHBIMU (YHKIUSIMU

aK+bL=C, acR\{0}, beR. (13)

11°. Juunamuyeckas [1® (1) yuutsiBaer 06o0mmenno HedTpanbubiidi mo Xukcy HTII Baons nunei-
HBIX TPACKTOPHUI pa3BUTHsI SKOHOMHKH (13) TOria U TONBKO TOTa, KOrjaa €e MOXKHO MPEICTaBUTh B aHa-
JUTHYECKOM BH/JIE

F(K,L,t)=®(L+¥(aK +bL),1), (14)

rne @ u ¥ — Hekoropele HenpepbiBHO quddepeHuupyemble QyHKUMHY, puueM QyHkuus @ HeoTpuua-
TelbHasl.

12°. Opnopoanas crenenn g € R\{0} TI® (1) yuuTbiBaeT 0000IIEHHO HEHTpaJbHBIA MO XUKCY
HTII Bnonb NUHEHHBIX TPAaeKTOpUH pa3BUTHSL SKOHOMUKHU (13), eciii U TOJIBKO €clyd OHa MOXKET ObITh
Ipe/icTaBlieHa B aHAJIMTUYECKON (opme

22 Tpaextopun passutus sxoHomuku (lamenkuii, CoomoH, 1997) 3anaHsl B HeABHOH (opMe B BUJIE CeMENCTBA KpH-
Beix Y(K,L)=C, nexamux B nepBoM KBaJpaHTe KOOPAMHATHOI miockoctu OKL, rie ¥ — HenpepblBHO auddepeHuupyemas
(yHkuus Ha skoHoMuueckoii G, a C — Npon3BoJbHAs BEIECTBEHHAs MOCTOsHHAs. Hanpumep, mis HeifrpanbHoro no Xukcy

HTII tpaekropuu pasutusi skoHoMukn K /L = C — nyun, BBIXOISIIME M3 HAUaia KOOPAMHAT M PACIONOKEHHBIE B MEPBOM

2 N
keagpante R koopmunarnoii minockocrn OKL.
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F = A(t)(a,K +bL)", (15)

rae ctporo Bospacraromas Gpynkuus A Takas, uto A(0)=1, ects unnexc HTIL, a a, u b, — HekoTopbIe

BCIICCTBCHHBIC YK ClIa.

Hayuno-mexnuueckuii npozpecc u HeltmpaibHocmy no Xappooy

HTII, nefitpansusbiii no Xappoay. HTII sasaserca neitmpansuviv no Xappooy (bappo, Cana-u-
Maprun, 2018. C. 73)%, ecnu npeesbHas POU3BOAUTENBHOCTL KanuTana™ MP, He U3MEHSETCs C Te-

YeHWeM BpeMeHH Npu (UKCUPOBaHHOW (OHI00TIAYE, T. €.

MP, (F)=const pu Y/ K =const.

CnenoarenbHo, pu HeifirpansHoM 1o Xappoay HTII dynkuus MP, He 3aBUCHT SIBHO OT Hapa-

merpa HTII ¢, a sBnsiercss HeKoTopoii HenpepbiBHO nuddepeHunpyemoii GpyHkuuenn s ot GOHI00TIAYH
Y
(MpoM3BOIUTENBHOCTU KanuTana), T. €. 0, F(K,L,t) = h(;j

Hanpumep, nunamudeckas [1d Buxcenns — Tunbeprena (3) yuutsiBaer HTII, HeliTpanbHbIi 10
Xappoy, u0o npeenbHas IPOU3BOANTEIBHOCT KaluTana

F(K,L,t Y
JFKLD Y

MP,(F)=0,(AK“I’e") = adK" ' [’e" = <

SIBJISIETCSI TIOCTOSIHHOM BEIMUMHON 1pu Y / K = const.
Ecnu npu nocrosiHHOM (hOHI00TAaue TpenenbHas MPOU3BOANTENLHOCTh KaluTala pacTeT ¢ Tede-
HHEM BpeMeHH, T. e. 0, MP,(F)>0 npu Y /K =const, To uMeeT MecTo kanumanoemxuii (W1 hpoHooem-

Kutl) o Xappoay THIl SKOHOMHYECKOro pa3BuTHs. Ecnu mpu moctosHHON (hoHmoOTHAue MpenenbHas

IPOU3BOJUTEIBHOCT KallUTala yObIBAET C TEUEHHEM BpeMeHH, T. €. 0, MP,(F)<0 npu Y /K =const,

TO OyneT mpyooemkuii 1o Xappoay TUI SKOHOMUYECKOTO Pa3BUTHSI.
13°. (Morimoto, 1974) Iunamuyeckas [1® (1) yuntsiBaer Heiitpansubiii mo Xappoxy HTII Torna u
TOJIBKO TOT/Ia, KOT'JIa €€ MOYKHO MPEICTABUTh B AHAJTUTUYECKOM BUJIE

F(K,L,t)=®(K,¥Y(L,1)), (16)
20e @ — HekoTOpast HeOTpHUIATENbHAS TUHEMHO-0AHOPOIHAS HEMPEPbIBHO MuddepeHupyemast QyHKIUSI
nByx nepemenHblx K u W, a ¥ — nenpepsiBHO nuddepenuupyemas GpyHkius or L u t.

Tak, Hanpumep, oxHoponHyto creneHn o + £ I[1® Bukcenns — TunGeprena (3), yUyUTHIBAIOIILYIO
HerTpanbHbii 1o Xappoxy HTII, mo yrBepxxaenuo 13°, MOXKHO MPEACTABUThH B BUIC CIIOKHON (QYHKIIMH
Buga (16) ¢ BHelHell nuHeliHO-oaHOpOAHOM (yHKIMel D(K, V)= AK“WY'"™* u BHyTpeHHel pyHKMeii

Y(L,t)= L/ 0-w) /(=

2 Nanasu B.C. (Pen.) 1973. Modenuposanie napoouo-xossiicmeennsix npoyeccos: yaebHoe nocoone. Mocksa: DKo-
Homuka. C. 435.

2 TlpenenbHas MPOH3BOANTENBHOCTS KanuTana (tpyna) MP(F)=0,F(K,L,t) (MP,(F)=0,F(K, L,t)) npu-
OJIMKEHHO TIOKA3bIBAET, HA CKOJIBKO U3MEHHUTCS] 00bEM BBIMyCKa MPOAYKIMH B CITy4ae MCIOIb30BaHUs JOTOJIHUTEIBHON eMHH-

bl KanuTaja (Tpy/Aa) ¥ Ipv HEM3MEHHOM KollmuecTBe Tpyna (kanurana) v 3ananHom ypoHe HTII (AnsceBuu B.B. 1998. Ma-
memamuueckas skoHomuxa. Konempyxkmuenas meopus: yueonoe nocoone. Munck: uzaiin [1PO. C. 70).
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14°. (Robinson, 1938; Uzawa, 1961) Jluneiitno-ognoponHas [1® (1) yuutsiBaer HeUTpadbHBIN 1O
Xappony HTII, ecnu 1 TOIbKO €ciiv OHa MOXKET OBITh MpeJICTaBIeHa B aHAIMTHUECKOH (popme

F(K,L,t)=®(K,B(r)L),

rie @ — HekoTOpas HeoTpUIATENbHAS JTMHEHHO-OHOPOHAsI HenpephiBHO auddepeHuupyemas QyHK-
1y, a crporo Bo3pacratouias GpyHkuus B Takas, uro B(0)=1, ectb unaexc HTII no tpyny.

Hanpuwmep, I1® Ko66a — [dyrnaca — Tunbeprena F(K,L,t)= AK*L""e", A>0, a(0;1) apaser-
csl JIMHEWHO-OMHOPOJHOW M, MO YTBEpXAeHUI0 14° ee MOKHO MNpEeACTaBUTh B BHUJAC (YHKIUU
F(K,L,t)=AK* (e“’/“’“»'L)lia, rjie BHEWIHsAS JuHeliHo-oaHopoaHas (ynkuus P(K, W)= AK“Y'"™ u

(v/(1=a))t

BHyTpeHHss Gynkuus W(L,t)= B(t)L c uagekcom HTII o tpyny B(¢)=e
Heobxoanmoe ycimoBue Toro, uro auHnamudeckas [1® (1) yuutsiBaer HTTI, HeliTpanbHbiii mo Xap-
poay, BBIpaXKaeT CIEAYIOLee YTBEpAKIECHHUE.
15°. Ecnu I[1® (1) yuutsiBaeT HeliTpanbHblil 1o Xappoay HTII, To BepHO ToXk1€CTBO

0,F(K,L,t)
o, FK.Ly " (7

rae © ectb QYHKIMS, 3aBUCSILAS TOJIBKO OT EpEeMEHHBIX L u 7.

16°. (Okuguchi, 1968) dunamuueckas auHeiHO-oaHOpoaHas 1D (1) yuutsiBaer HTII, HeliTpaiib-
HBIH 110 Xappojy, B TOM U TOJIBKO B TOM Clly4ae, KOTja UMeeT MeCTO TOXKIECTBO

O,F(K,Lt)
L-0,F(K,L1) P(o).

rae B ectb (yHKUMS, 3aBUCsIIAs TOJIBKO OT mapamerpa HTII 7.

17°. Onmnoponnas crenenn ¢ € R\{0} ITI® (1) omHOBpeMEHHO YYMTHIBaeT Kak HEHTPaIbHBIA 1O

Xuxkcy HTTIL, Tak u nefitpansabiii no Xappoay HTII, eciiu 1 TONBKO eciii OHa MOYKET OBITh MpeCTaBIeHa
B aHANMTHYeCKOi Gopme Bukcemns — Tunbeprena:

F(K,L,t)=A()KL’, aeR\{0;1}, BeR\{0}, a+B=gq, 18)

rze crporo Bo3pacrawomas ¢pynkuus 4 ects uaaexkc HTIL.

OcHOBBIBasICh Ha YTBEpXKICHUAX 2°, 6°, 7° n 17°, noiydaeM cleyIollyto 3aKOHOMEPHOCTb.

18°. Ilycte T1D (1) sBusiercs ompHopoaHoit crenenn g € R\{0}. Toraa ona Oyaer oAHOBPEMEHHO
YUUTBIBATh KaK HEHUTpalbHBIA (PacIIMPEHHO HEHTpajbHBIA MM MOJHOCTBIO HEUTPabHBIM) MO XHUKCY
HTTI, Tax u HeiTpansHblil o Xappoay HTII Torna u Tonbko Torna, Korjua oHa MOXKeT ObITh peacTaBie-
Ha B aHanmuTH4YecKor ¢opme Bukcemns — Tunbeprena (18).

HTII, 0600menno HeiiTpanbHbiii mo Xappoay. HTII HazoBeM 0606wenno netimpanvhoim no
Xappooy, ecau mnpenenbHas MPOM3BOIMTENBHOCTh KalmuTajla He M3MEHSETCS ¢ TeYeHUEM BpPeMEeHU NpHU
dukcupoBaHHoit cpeHeil oTaue 06001IeHHOr0 pecypea™, T. €.

Y
MP,.(F)=const npuy — =const (a >0, =>0). 19
« (F) p oK + L ( p=0) (19)

25 B kauecTBe Takoro 0600IIEHHOTO PECYpPCa Yallle BCEr0 PACCMATPHUBAETCS Ce0ECTOMMOCTD MPOLYKLHH.
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OtmeruM, uyTO U3 onpeapeneHus: o0o0ieHHol HelrpansHoctu HTII no Xappony (19) mpu B=0

cnenyer onpenenenue HTII, HeitirpansHoro no Xappony.
Takum o6pazom, npu 06061meHHo HelTpanbHoM 1o Xappoxy HTII dynkuus MP, He 3aBUCHT SIBHO

ot nmapamerpa HTII, a sBnsieTcss HeKoTOpoil HenpepbIiBHO AuddepeHrpyemMoil GyHKIMel s OT cpeaHei
oTJauu 0000IIEeHHOro pecypca, T. €.

Y

Knacc I1®, yuutsiBaronmx 00600meHHo Heiltpanbhbiil mo Xappoxy HTII, onuckiBaer cienyroriee
BbIpayKEHHUE.

19°. Jlunamuueckas [1d (1) yuurbiBaer o0oOuieHHO HeiTpaibHblli o Xappoay HTII Torma u
TOJILKO TOI'JIa, KOTJja €€ MOXKHO MPEACTaBUTh B aHAJIUTUUECKOM BHJIE

F(K,L,t)=®(oK +BL, ¥ (L,1)), 1)
rne @ — HekoTOpas HeoTpUlATeIbHAS JMHEHHO-0HOPOIHAS HEeMpepbiBHO TuddepeHnnpyemas GyHK-
LU ABYX NepeMeHHbIx, a ¥ — HenpepbiBHO muddepeHuupyemas QyHKUus oT L u t.

20°. Jluneitno-onHopoanas [1® (1) yuureiBaer 000011eHHO HelTpaibhblid o Xappomy HTII, eciu
Y TOJILKO €CJTM OHAa MOJKET OBITh MPE/ICTaBJIeHa B aHATUTUYECKON (hopme

F(K,L,t)=®(aK +BL,B(t)L),

rne @ — HekoTOpas HeoTpULATEIbHAS JTUHEHHO-OJHOPOAHAS HENpepblBHO Tu(depeHunpyemas QpyHK-
1S, a CTPOro Bo3pacrawias GpyHkuus B takas, yto B(0)=1, ectb unaekc HTII o tpymy.

Hayuno-mexnuueckuii npozpecc u neiimpaisuocmo no Conoy

HTII, wneiitpansubiii mo Coaoy. HTII ssnsercs weiimpansuoiv no Conoy (bappo, Cana-u-

Maprun, 2018. C. 73-74)*, ecnu npenenbHas MPOU3BOAUTENLHOCTE TPya MP, He U3MEHSIETCS C Teye-

HUEM BpPEeMEHHU NpU (PUKCHPOBAHHOM NMPOU3BOIUTENBHOCTH TPYAA, T. €.

MP, (F)=const npu Y/ L =const. (22)

CnenoarenbHo, o onpenenenuto (22), npu HeltpansHoM no Conoy HTII gynkuus MP, He 3aBu-

curt siBHO oT napamerpa HTII ¢, a siBisieTcss HEKOTOPOM HerpepblBHO U depeHunpyeMoil GyHKuuen £
Y
OT NPOU3BOIUTENBHOCTU TPyAA, T. €. 0, F(K,L,t)= h[zj

Hanpumep, [1® Bukcenns — TunGeprena (3) yuutsiBaer HTII, nelitpansubiid o Conoy, nbo mpe-
F(K,L,t)

JlenbHas TIPOM3BOAMTENBHOCTh Tpyaa MP,(F)=0,(AK I’e") =B 7

Y o
:BZ SABJIACTCA ITOCTOSAHHOU

BEJIMYMHOMN MpU Y / L = const.
Ecnu npu mocTostHHOM MpOM3BOAUTENBHOCTH TpyJa MpeleibHasi MPOoU3BOIUTENbHOCTh TPYya pac-

TET ¢ Te4eHueM BpeMmeHu, T. €. 0,MP, (F)>0 npu Y/ L =const, To umeer mecto mpyooemxuii no Conaoy

THUIT S9KOHOMHUYECKOI'O pa3BUTHS. Ecmu npu IMOCTOSIHHOM MPOU3BOAUTECIIBHOCTU TPYyJda NPECACIbHAsA IMPOU3-

26 Aivanos C.A. 1984. Beeoenue 6 mamemamuueckyio skonomuxy: yaebnoe nocobue. Mocksa: Hayka. C. 235.
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BOJUTENBHOCTh TPyJa YObIBAET C TeYEHHEM BpeMeHH, T. €. O,MP,(F)<0 npu Y /L =const, T0 Oyzner

kanumanoemxuii (¢hondoemkuit) 1o Conoy THIT SKOHOMUYECKOTO Pa3BUTHSL.

Otmerum, uro HedTpanbHOocTh HTII mo Comoy siBisiercs CHMMETPUYHOM IO OTHOIIEHHUIO K
HeitpanbHocT HTTI no Xappony (yrBep:kaeHust 21-26 noka3blBalOTCS METOJAMU aHAJIOTMYHO UCIOJb-
30BaHHBIM IPU J0Ka3aTeNbCTBE COOTBETCTBYIOLIUX YTBepKaeHui 13—18).

21°. Iunamuyeckas [1® (1) yuutsiBaer Helitpanbublii o Conoy HTII Torna u Toabko Toraa, Koraa
€e MOXKHO MPeJICTaBUTh B aHAIMTUYECKOM BU/IE

F(K,L,1) = (Y(K,1),L),

rne @ — HekoTOpas HeoTpULATeIbHAs JTUHEHHO-OAHOPOAHAS HEeNpepblBHO Tu(depeHurpyemas QpyHK-
uus 1Byx rnepemenHelx ¥V u L, a ¥ — HenpepbiBHO nuddeperunpyemast GyHkuus or K u 7.

22°. Jluneiino-ogHopoaHas I1® (1) yuursiBaer HelTpanbHblil o Conoy HTTI, ecnu u Tonbko eciu
OHA MOXKET OBITh MPEJCTaBIeHa B aHATUTHUECKOI Gopme

F(K,L,t)=D(AWN)K, L),

rae @ — HeoTpHLATENbHAS JIMHEHHO-OJHOPOIHASL HEMPEePBIBHO AuddepeHipyemast GyHKIHs, a CTPOro
Bo3pacratoias pyHkuus A takas, uro A(0)=1, ects unaexc HTII mo xanuTamny.

23°. Ecnu [1® (1) yuutsiBaer HeiTpanbHbiil mo Conoy HTTI, To BepHO TOXKAECTBO

OF(K,Lt) _

_®(Kat),
0 F(K,L,t)

rae ® ectb QYHKIUS, 3aBUCSINAS TOIBKO OT NIepeMeHHBIX K U 7.
24°. (Okuguchi, 1968) Ilunamuueckas JuHelHo-onHopoaHast [1® (1) yuutsiBaer HTII, HelTpaiib-
HbIit 1o CoJloy, B TOM U TOJIBKO B TOM Clly4ae, KOria UMEeT MECTO TOXKIECTBO

OFKLO o
K-0,F(K,L.1)

r7ie o ecTh PYHKLHs, 3aBUCSIIas ToIbKo oT napamerpa HTII 7.

25°. Onnoponnas crenenun g € R\{0} II® (1) ogHOBpeMEHHO y4YHMTHIBaeT KaK HEWTpPaIbHBIM MO
Xukey HTTI, Tak u HeitrpanbHbiii no Conoy HTII, eciiu 1 TOabKO eciin OHAa MOXKET ObITh IIPEACTaBiIEHa B
aHanutudeckoit popme Bukcemns—Tunbeprena (18).

26°. Iyctp T1D (1) sBnsercs ogHopomHoii crenenu g € R\{0}. Toraa oHa Oyner oJHOBpEMEHHO
YUUTBIBATh KaK HEUTpalbHbIA (PaCIIMPEHHO HEUTpajbHBIA WM MOJHOCTBIO HEUTpasbHBI) M0 XUKCY
HTTII, Tak u neiitpansubiii no Conoy HTTI, eciu 1 TodIbKO €clii OHA MOXKET OBITh MPEJCTaBlIeHa B aHAIH-
Tuyeckol Gopme Bukcenns — Tunbeprena (18).

Ha ocHoBanuu ytBepkaeHuit 18° u 26° momyyaeM ciaenyouryo 3aKOHOMEPHOCTb.

27°. Ilycte 1D (1) sBusiercs ogHopoaHoit crenenu g € R\{0}. Torma ona Oyner oJHOBpEMEHHO
YUUTHIBaTh HEUTPaNbHBIN (PACIIMPEHHO HEUTPANbHBIM WIIM TONHOCTHIO HelTpanbHblil) mo Xukcy HTII,
HertpanbHbiii o Xappoay HTII u vetfitpansbiii mo Conoy HTII, eciiv v TONbKO eciii OHa MOXKET OBbITh
npejcTaBiieHa B aHaIuTU4Yecko ¢opme Bukcemns — TunOeprena (18).

HTII, 0606menHo HeiiTpanbHblii o Couioy. HTII HazoBeM o6obwenno netimpanvuvim no Conoy,
€CITH MpeJieNibHas MPOU3BOJUTENBHOCTh TPY/Ia HE U3MEHSIETCs] C TeUeHUEM BPEeMEHH MPH (PUKCUPOBAHHOM
cpenHelt ornade 0600LIEHHOTO pecypcea, T. €.
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Y
MP, (F)=const mpuy —— =const (a.=0, 3 >0). 23
L (F) p oK 1 pL ( p>0) (23)

OtMmeTuM, 9TO U3 omnpeneneHus: ooodueHHoi HerTpansHocTrn HTII mo Comnoy (23) mpu a=0 cie-
nyet omnpenenenne HTII, nelitpansnoro no Comnoy. Takum oOpa3om, pu 0000ILIEHHO HEHUTpalbHOM 110

Conoy HTII pyukuus MP, He 3aBucut siBHO oT napamerpa HTII, a sBnsercs HekoTopoi GpyHKuuen h
OT CpefHel oTaaun 0000IIeHHOT 0 pecypca, T. €.

6LF(K,L,t):h(L].
oK +BL

Knacc [1®, yuyursiBatommx o606menHo HedTpanbhblii o Comoy HTII, omuceiBaer cienytoiee
YTBEpKIICHUE.

28°. Ilunamuyeckas [1d (1) yuursiBaer 06061eHHO HelTpanbHbli o Coxoy HTII Torga u tonbko
TOrJa, KOrja ee MOXHO IPEICTaBUTh B aHAJTUTHYECKOM BH/IE

F(K,L,t)=®(aK +BL,V(K,1)),

rne @ — HekoTOpas HeoTpUlLATEIbHAS JTUHEHHO-OAHOPOAHAS HEMpepbiBHO Tu(QepeHunpyemas GpyHK-
Msl IBYX MepeMeHHbIX, a Y — HenpepbiBHO quddepenuupyemast yHKus ot K u 7.

29°. Jluneitno-oauopoaHas [1® (1) yuursiBaer 000011eHHO HelTpanbHbid o Conoy HTII, ecnu u
TOJILKO €CJTM OHAa MOYKET OBITh MPE/ICTaBlIeHa B aHATUTUYECKOW (hopme

F(K,L,t)=®(K +BL, A()K),

rne @ — HeoTpulaTenbHas JTMHEHHO-OHOPOHAS HENMPEPhIBHO M depeHtupyemast GyHKIHMs, a CTPOro
Bo3pacratouias pyukuusi 4 takas, uto A(0)=1, ectb unnexc HTTI mo kanutamy.

/lokazamenbcmeo ymeepotcoenuit

YrBep:kaenne 1° — ¢ yuerom toro, uro ¢pyukuus h(K,L)=h(K /L), — cienyer u3 6ojee o0IIero

yTBepxkKaAeHus 4°, nokasanHoro B padorax (Leontief, 1947; Sono, 1961; Morimoto, 1974). AHaauTuue-
ckuii Bua 1D (4), yaursiaromield HeliTpansHbId mo Xukcy HTII, a Ttaxke dopmbr [1D, yunTeiBaromme
HeiitpaneHplii o Xappoxy HTII (yrBepxaenue 13°) u nHelrpansubii mo Comoy HTII (yrBepkmenue
210)27.

YrBepxkaenne 2°. 1o yreepxkaenuto 1°, I1® (1) yunutsiBaer HeTpanshbii o Xukcy HTTI, ecnu u
TONBKO €CITU €€ MOYKHO MPeCTaBuTh B BUje (4). M3 omHOponHoCTH cTerienn g (QyHkuuu (1) cnemyer

FOK AL,y =\ F(K,L,#), Y\e(0;+0).
Ha OCHOBAaHHWHU aHAJIMTUYCCKOI'0 MPCACTABJICHUA (4) nojaydaem, 4To JieBas 4aCTb
FOMK, ML, 1) = O(Y (MK, AL), 1) = DAY(K, L),1), VA e (0;+00),

npaBast yactb A F(K,L,t)=\" D(W(K,L),t), Yhe(0;+), a 3HaunT, QyHKus P sBisercs ogHOPOI-

HOMU creneHn ¢ 1o nepeMeHHol V. [1oaToMy BepHO aHaIUTHYECKOE MPEACTaBICHUE

F(K,L,t)=®(¥(K,L),f)=(P(K,L)" (1) = A1t)OK,L),

2 Tpacono A.B. 2015. Mamemamuueckue memoovt skoHomuyeckoti ounamuku: yieOnoe nocodoue. CII0.: Jlaus.
C. 330-331.
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e noaoxeHo, yro GyHkuust O(K,L)=(V(K,L))! u A(t)=D(1,¢). Takum obpazoM, UMEET MECTO MpeJi-
craBienue (5). OTmerum, 4To cnydaii ¢ =1 paccMoTpeH, Hanpumep, B padbore (Morimoto, 1974).

YrBepikaenue 3°. Heooxooumocme. Ecnu [1® (1) yuutsiBaeT paciiipeHHO HEUTPaIbHBIN 110 XHK-
cy HTTI, To, ucnonb3yst ToxecTBO (6), HAXOJUM YaCTHYIO IPOU3BOIHYIO

0,F(K,Lzt)

0 MRTS, . (F)=0
! e (F) "0 F(K,L,t)

0,h(K,L)=0.

Jocmamounocmy.  Pewas  auddepeHuranbHoe  ypaBHEHME B YacTHBIX — IPOM3BOJHBIX
O,MRTS,; (F)=0, nonyuyaem, uro MRTS, (F)=h(K,L), rae h — npousBoiabHas (yHKLHs, a 3HAYUT,
UMEET MECTO TOXKIECTBO (6).

YT1Bep:kaeHue 5° 10ka3bIBaeTCs METOJIOM, aHAJOTMYHBIM HCIOJIB30BAaHHOMY IPU JIOKA3aTelbCTBE
yrBepakaeHus 2°. Ilpu 3Tom cuntaem, uyTo BHelHsAs GyHkuuss @ sBiasercs OAHOPOAHON CTENEHU ¢, MO
nepemenHoil VW, a BHyTpeHHss QyHkuus V' sBisercs oqHOPOJHOI CTeneHu ¢, Mo nepeMeHHbM K u L,
rje uucna ¢,,q, € R\{0} takue, uto ¢, +¢, =q.

YrBepikaenue 9°. Heooxooumocmo. ITyctes [1® (1) yuuThIBaeT MOTHOCTHIO HEUTPAIbHBIN 110 XHUK-
cy HTII. Torna ee MoxxHO nipeacTaBUTh B hopme (8). HacTHast Tpon3BoIHAS

0, F(K,L,t) _9, (A(A(K,L)) _A@

o R L = T AONK.L)  AD

a 3HAYMUT, BepHO TOXKAeCTBO (9) ipu O(7) = A'(t) / A(t).

Jlocmamounocmo. Ilycts nns [1® (1) Bemonnsercs Toxaecto (9). Toraa u3 (9) nonydaem

InF(K,L,t)= j 0(t)dt + A(K, L),

rne A — npousBosibHasE QYHKIUS (TOCTOSIHHAS. MHTETPUPOBAaHUS). 3HAUMT,

F(K,L,t)= exp( [owdr+ Ak, L)) = A()A(K, L),

rJie MoJoxeHo A(t) = epr.O(t) dt m A(K,L)=exp A(K,L).

Takum obpazom, mns nuHamudeckoil [1® (1) BepHO aHanmuTHyeckoe mpencrtaBieHue (8) u, Mo
yrBepxaenuto 7°, [1® (1) yuutsiBaer nmoaHOCThI0 HeWTpanbHbIi mo Xukcy HTIL

YrBep:xkaenue 10°. Ha ocHoBanuu yrepxaeHust 7° I[1® (1) yunTbiBaeT MoJHOCTbIO HEUTPaIbHbIH
o Xukcy HTII, ecnu 1 TonbKko eciu oHa MoxeT ObITh mpesncTasieHa B ¢popme (8). st Toro uToObl OHA
yuuTbiBana HeltpanbHbiid no Xukcy HTII, HeoOxoauMo 1 poctaTouHo, YTOOBl MPU HEKOTOPOH Hempe-
priBHO quddepeHpyemMoil GYHKIUHN /4 BBIMOIHAIOCH ToxkIECTBO (2). Toraa u3 ToxaecTsa

9, (A(HA(K, L)) h[ﬁj

dc (ANONK,L)) L

[nojydaem, 4To (byHKLII/IH A JO0JI’KHA YIOBJICTBOPATH YPABHCHUIO B YaCTHBIX IMTPOU3BOJAHBIX

8LA—h(§J 0 A=0. (24)
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M3 XapaKTepuCTUUECKOr0 ypaBHEHMSI Z’_]]f = —h(%), BBe/IS HOBYIO MnepeMeHHylo =K /L u pa3-

dL d&
JIeNsisl TIepeMeHHbIe, TIONYYUM OOBIKHOBEHHOE an(dhepeHIraIbHoe ypaBHeHI/IGT :_h(é) 3 Orcrona
+
InL +I d =C,wm LyE)=C, rae nonoxero, uyro GpyHkums W)= exp_[ d (o Teopeme
hE+g ‘ h(E)+E

bappoy y ects HenpepbiBHO auddepenumpyemas Gynkuus), C, =exp (~71, a C‘l — MPOM3BOJIbHASI Bellle-
CTBeHHas mocTtosiHHas. CrenoBarenbHO, nuddepeHiuanbHoe ypaBHeHre (24) uMeeT MepBblii WHTErpas
Ly&)=C, nm YW(K,L)=C,, rne ¥ — nuneiiHo-onHOpOJHAas HenpepbiBHO AuddepeHuupyemast
¢yukius. Torma obmiee pemieHue AU QEpeHIIMaIBHOr0 ypaBHEHUS B YaCTHBIX MPOU3BOAHBIX MEPBOTO
nopsiika (24) umeer sun A(K,L)=H(Y(K,L)), rne H — npou3BoiibHas HEMIPEPHIBHO MU hepeHIupy-
emast GpyHkuus, a ¥ — nuHeliHo-omHOpOMHAs HenpepbiBHO auddepeHnrpyemas QyHKIUs ABYX Iepe-
MEHHBIX K U L.

Ha ocHOBaHWU TOJIyYEHHOTO aHAJTUTUYESCKOTO MPENCTaBIeHUS QYHKIMA A W HEOTPUIATEIbHOCTH
[1® (1) momyyaem ananuTHyeckoe npeacrasinenue (10).

YrBep:xkaenne 11°. [To onpenenenuto (11), Ha ocHoBaHuM ToXxecTBa (12), momyyaem, uro [1D (1)
yuuThiBaeT 00001eHHO HelTpanbHblii 1o Xukcy HTII Brons TMHEHHBIX TpaeKTOPHI pa3BUTHS YKOHOMHU-
Kk (13), eciii ¥ TOABKO €CiM MPU HEKOTOPOM (PYHKLUU /i HMEET MECTO TOXKIECTBO

0,F(K,L,t)

SRk LD h(aK +bL). 25)

Heobxooumocmo. Ilyctp [1D (1) yuursiBaer HTTI, 0000111eHHO HEWTpalIbHbIM 110 XUKCY BAOJb JIH-
HEWHBIX TpaeKTOpui pa3BuTHs SKoHOMHKH (13). Hokaxkem, uto pyHkiuio (1) Torma MoXHO MPEACTaBUTh
B aHayuTHYecKoi (hopme (14). J{ist 3TOro pemmm JuHeHHOE OTHOPOIHOE TU( BepeHIInaTbHOS YpaBHEHHE
B YaCTHBIX MPOU3BOIHBIX TIEPBOTO MOPSIIKA

0, F—h(aK+bL)0O,F =0 (26)
C XapaKTEePUCTUUYECKON CUCTEMOM

K ___dL_di

S N 27)
—h(aK+bL) 1 0

dK
OObikHOBeHHOE U(QepeHnalbHOoe YpaBHEHHE E:_h(aK +bL), BBels HOBYIO MEpPEMEHHYIO

E=aK +bL, nepenuiuem B Buje dL = L Ortcrozia nosmyyaem
b—ah()
L+J‘L=Cl ,wmn L+W(aK +bL)=C,,
ah(&)—b
ds
rae nojoxkeHo W(§) = fm (mo Teopeme Bappoy Y ectb HenpepwsiBHO muddepeHIupyemast
a _

¢bynkuus), C, — Npous3BOJIbHAs BEIIECTBEHHAs MocTosiHHAs. ClenoBaTeNnbHO, XapaKTepUCTUYecKas CHU-

crema (27) nis ypaBHeHus (26) umeer nepsbiit unrerpan L+YW(aK +bL)=C,.
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dL dt . o
N3 ypaBHeHus TZE HaxoJIUM IepBblii uHTErpan ¢t =C, XapaKTepUCTUUECKOW cuctemsl (27),

rae C, — MpoU3BOJIbHAS BEIIECTBEHHAS MOCTOSIHHAS.

CnenoBatenbHO, oOliee pelIeHWe YpaBHEHHMsS B YaCTHBIX MPOU3BOAHBIX (26) HMeeT BuUA
F(K,Lit)=®(L+Y(aK +bL),t), tne ® — npousBonabHas HenpepblBHO AupdepeHurpyemas GyHKIUS
JIBYX NepeMeHHbIX, a ‘¥ — HerpepbIBHO auddepenunpyemas GyHKLIUS OHOIO apryMeHTa.

Taxum 00pazoM, UMeeT MecTO aHAIMTHUYECKOe MpeacTaBieHue (14).

Jlocmamounocme. Ilycts T1® (1.1) npencraBuma B Gopme (14). Torma, ucnonb3ys Gopmyiy Bbl-
YHCJICHUS IPOU3BOIHOMN CII0OKHOM (DYHKLIMHU, HAXOIUM IPEAeIbHYI0 HOPMY 3aMelleHHs

0,F(K,L,t) 8,®(L+¥(aK +bL),t) OePED) s piuranr)0r(L+P(aK +DL))
OxF(K,Lyt) 0 D(L+W(aK +bL)1) 0. P(E0) ., oy O (L + P (aK +bL))

0P e O (K +BL) 145OV Q)

0N s Ox (@K +BL) B ¥ (Q) s

b

a 3Hauut, ipu ~(C) =(1+b9,¥(C))/(ad,¥(C)) BepHO TOKIECTBO (25).

CrnenoBatensHo, auHamuveckass [1D (1) yuuteiBaer HTII, 06001meHHo HEHUTpadbHbId M0 XUKCY
BJIOJIb JTMHEHHBIX TPACKTOPUM pa3BUTHUS IKOHOMUKH (13).

YrBepxkaenue 12°. [To yrBepxaenuto 11°, I[1d (1) yuutsiBaeT 0000IIEHHO HEUTPaIbHBIN 10 XHK-
cy HTTI Bnonb TpaekTopuid pa3Butus 3KoHOMHKH (13) TOraa M TOJIBKO TOT/a, KOr/ia ee MOKHO IpejcTa-
BUTH B BUje (14). M3 ycnoBus ogqHoponnoctu crenenn ¢ [1D (1), ucronb3ys aHAIUTUUECKOE TTPEICTaB-

neare  (14), moayyaem,  UTO FOK, AL, t)= DL +Y(MaK +bL)), ), VA € (0;+00) u
MF(K,Lt) = N"D(L+Y(aK +bL), 1), VAe(0;+0), a 3Hauut, pyHkuus ¥ sBusercs ogHOPOIHON CTe-
neHn ¢ mo nepemeHHoun L+Y, a ¢ynkums VY sBiusercda JMHEHHO-OTHOPOJHOW IO IEepeMEHHOM

aK + bL. I1o3TOMYy UMEeT MECTO aHATUTUYECKOE MPEACTABICHNE
F(K,L,t)=®(L+¥(aK +bL),t)= (L +¥(aK +bL))! D(L,)=
= A(t)(L +(aK +bL)¥(1))" = A(t)(a,K +b,L)",

rie nojaoxeHo, uro A(¢) =P(1,7), BemwecrsenHsie uucna a, =a'¥'(l), b, =b¥Y(1)+1.
Taxum 00pazomM, BepHO aHANMTHYECKOe npecTaBieHue (15).
Yreep:xnenue 15°. Ecnu [1® (1) yuntsiBaer HTTI, HeliTpanbHblil o Xappoay, TO, Ha OCHOBaHUU

yrBepkaeHus 13°, ee MoxkHO nipencTaBuTh B popme (16). Torga

O, F(K,Lit) 0,0(K,¥(L,t) O PK,Q) 1,0,V (L1)
0,F(K,L,t)  8,D(K,¥(L,1)) O.D(K,0) y,0, V(L,1)

O(L,1),

T. €. BepHO ToxkaecTBo (17) npu O(L,t)=0,'Y(L,t)/ 0, Y(L,1).
Yr1Bep:xkaenue 17°. Ognoponnas crenenn g € R\{0} [1® (1) yuuTsiBaeT HeUTpanbHbIid 0 XHUKCY

HTII Tornma u ToJbKO TOTIa, KOT/Ia OHa MOYKET OBITh TIPEJICTaBlieHa B BUjIE (yTBepkIeHue 2°)

F(K,L,t)=A(t)F(K,L), (28)

Benopycckuit akonomuueckuii sxxypHaa  Ne 302020 101



A.®. IIPOHEBUY, I''A. XAIIKEBU1Y

rae F — HeKoTopasi HeOTPUIATeIbHAs OHOPOHAS CTEMEeH! g HenpepsiBHO nuddepenumpyemas GyHK-
uusa. Eciu, kpome toro, aunamudeckas [1d (1) yuursiBaer HelTpanbhblii o Xappoxy HTII, To ms
A(t) F(K,L)

HKLMH (28) nMeeT MecTo ToXKAeCcTBO (17), T. €. — =
(yrkium (28) RS Te-T¥

=0(L,t), uu

F(K,L) _ A@n)

0,F(K,L) A1) OL.1). (29)

Tak kak GyHKIWMs [ SBISETCS OMHOPOIHOM CTENEHH ¢, TO (yHKIMS O ,F 6yner onmoponHoii cre-
nenn ¢ —1. Mosromy bynxuus f(K,L)=F(K,L)/d,F(K,L), a 3HauuT, Ha OCHOBaHUH ToxK/ecTBa (29),
u (yHkuus O(L,t) Oyner JUHEHHO-OAHOPOAHOU To mnepemeHHbIM K u L. CremoBaTenbHO, QYHKIMS

O(L,t)=L-0(1,¢) uToxnectBo (29) npumer BuJ

F(K,L) _ A@)
L-0,F(K,L) A(t)

(L, 1).

DTO TOXKIIECTBO UMEET MECTO, €CIIH U TOJIBKO eCIU :;,((t)) ‘0,1 = %, B e R\{0}.
t

Takum obpazom, ¢pyHkuusi £ ectb peuieHue aug¢epeHraIbHOro ypaBHeHHs B YaCTHBIX [TPOM3-

BOJHBIX TIEPBOr0 MOPsIIKa %L@ ,F = F. VI3 xapaKTepicTHYeCKOro ypaBHeHHsI B% = d7F HaXOJHM, YTO
InF-BInL=C(K), umn F(K,L)=L"C(K), rne C(K) :expC'(K), a C(K) — mpou3BoiabHast GyHKIMS
(mocTosiHHas MHTErpHpoBanis). OTCIONA, C YIETOM OTHOPOZHOCTH CTeNeHH ¢ (yHKImK F | momydaem
npencrapnenne F(K,L)=aK'PI? uucno a>0. Tonaras A(f) = a}i(r) u a=qg—f, momyyaem, 4To
¢yskius (28) umeer popmy Bukcemns — Tunoeprena (18).

Jlocmamounocms. Ilycte nuHamudeckas I1d umeer anamutudeckyro ¢opmy (18). Torma, mo
yTBepkaenuto 2°, ona yuntbeiBaer HTII, Heiitpanbublii mo Xukcy. A Ha OCHOBaHMU yTBEpKAeHUs 13° u ¢
y4eToM Toro, 4to GpyHkmuio (18) MoxkHO mpeacTaBuTh B (hopMme (16) ¢ BHEUIHEH JTUHEHHO-0IHOPOIHON
dyuximeii (K, WV)=K*P'"™ u BuyTpenneit pynkumeir W(L,t)=(A(r)L")"""®, 3akmouaem, 4To ByHK-
uus (18) yuutsiBaer HTTI, HelTpansHbiil o Xappomy.

OtMernM, uTo yTBepkaeHue 17° [uis ciydast TMHEHHO-0HOpOoAHOM tnHamudeckor [1D (a+p =1)
Obu10 TokazaHo X. Ya3aBa B padore (Uzawa, 1961).

Yreep:xkaenue 19°. [lo onpenenenuto (19) nmomyuyaem, uro Gyukuus (1) Oyzaer yuutsiBath 0000-
HieHHO HeWTpanbHblii o Xappoxy HTII, ecnu u TOnbKO €cnv MMEET MECTO 3aBUCUMOCTb MEXKIY Ipe-
JIeIbHOM MPOU3BOAUTEIHHOCTHIO KalTuTaNla ¥ cpeHel otnaveli o0o0iieHHoro pecypea (20).

Heobxooumocmy. Ilycts I1® (1) yuntsiBaer HTII, 06001menHo HelTpanbHbli o Xappony. Joka-

xeM, uto [1D (1) MoKHO mpencTaBuTh B aHaquTHUeckoM Buje (21). s 3Toro pemmm KBa3winHEiHOe
YpaBHEHUE B YACTHBIX MPOU3BOHBIX

aKF=h( r j (30)

oK +BL

C XapaKTepUCTUUECKOW CUCTEMOM
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dK _dL_di____dF

, 31
1 0 0 A(F/(aK+BL)) 1)
rae h — HerpepbIBHO auddepenunpyemas GyHKLIUS OAHON NepeMeHHOM.
. dK dL dK dt
3 00OBIKHOBEHHBIX U (epeHIIUaNbHbIX YPaBHEHHH T :F u T :H HaxXoIuM JIBa IEPBBIX

unterpana L =C, u t=C, xapakrepuctudeckoil cucremsl (31), rne C; u C, — npou3BOJIbHbBIE HEOTPH-
HaTeIbHbIC TIOCTOSHHBIE.
dF
1 (F/(aK +BL))’
dK N dg
aK +BC,  a&—-h(&)
_&
ag— ()
F
oK +BL

JuddepenumansHoe  ypaBHEHHE BBEIs  HOBYIO  IE€PEMEHHYIO

E=F/(aK+BL) n yuutsiBas, yro L =C,, 3anuiieM B BUJE

=0. HUurerpupys sto

1 ~
i depeHanbHoe ypaBHeHue, umeeM —In(akK +BC)) +J. =C;, WM, NOTEHUUPYS TOKAECTBO
a

M YUUTBIBasl CAEIaHHbIE 3aMeHbl, nonydaeM (oK +BL) g[ )z C;, rie nojaoKeHo, 4yro (GpyHKUusA

o d§
ag —h(g)’

Bynyun  (yHKUMOHAlIbHO  HE3aBUCHMBIMM, IepBble  MHTerpanel L=C, t=C, u

a C, =exp(aC,) u C, — NpOU3BOJIBbHbIE BELECTBEHHBIE TOCTOSHHBIE.

(&) =exp |

(aK+BL)g(

Ve BL] =, o0pa3yroT uHTerpaabHblii 6azuc cucremsl (31). Torna cooTHolIeHNE
ok + ’

V(L.t,(aK +BL) g(F/(aK +BL))) =0, (32)

rae ¥V — npousBoibHas quddepeHuupyemas GyHKLUNS TpeX apryMeHTOB, 3aJaeT B HESIBHOM BHUJIE pelle-
HUe kBaszuimHerHoro ypaBHeHus (30). [Ipu aTom Ha ocHoBanuu Teopemsl 3.1 u3 padotel (Eropos, 2007.
C. 340-341) 3aknrouaeM, 4yTo cooTHoUIeHue (32) ompenenser oodliee peleHre KBa3WIMHEHHOro ypaBHe-
Hust (30). Paspemas (32) OTHOCUTENBHO TPETHEro apryMeHTa, HaXOquM

F ) Y(Lp)
oK +BL) oK +BL’

F
aK +BL

(aK+BL)g( ]=‘P(L,t), -~ g(

rae VY — npousBosbHAas HelpepbIiBHO IuddepeHunpyeMas GyHKIUS IBYX NepeMeHHbIX L u ¢. A 1o Teo-
peme CYILIECTBOBAHHUS o0paTHOit dynxmn’® u3 MOCIIETHETO TOXKJECTBA nMeeM

Fo (Yo [ YL
oK +BL ° \aK+PL) “\aK +PpL

(I)yHKIII/ISI. Ha ocHoBaHuu »T0ro MMpeaAcCTaBJICHHUA MOJy4YaeM, YTO PCHICHUEM KBa3UJIMHEHHOTO ;[H(b(bepeﬂ-

J, rae g ectb obpatHad Kk g (yHKIMA, a O — NPOM3BOIbHAS

uuansHoro ypasHenus (30) Oyner ¢pyHKuus

Y(L,1)
aK + pL

W(L,1)

F(K,L,t):(aK+ﬂL)Q( oK +PL

j =(aK + BL)(D(L J =DO(aK +BL,Y(L,1)),

28 Guxtenronbl] [.M. 2001. Ocroger mamemamuyeckoeo ananuza: yaeouuk. CI16.: Jlans. T. 1. C. 132-133.
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rire @ — npous3BojibHAs JIMHEHHO-OJHOPOJHAs HEOoTpULATelbHas HeNpepblBHO AupdepeHuupyemast

¢ynkius, a ¥ — npousBonibHas HenpepsIBHO AuddepeHmpyemas GyHKIHS.

Jlocmamounocms. Ilycte qis I11® (1) umeer mecro npenacrasienue (21). Toraa, moBTopsist mpoBe-

JIEHHbIE BbILIE BBIYMCICHUS B 0OOpaTHOM MOpsi/IKe, IoaydaeMm, uTo (21) siBisiercss pelieHueM ypaBHEHUs

(30), a 3HauuT, Oyzaer yuutsiBaTh HTTI, 060011eHHO HelTpanbHbIi o Xappony.

Yr1Bep:kaenusi 20°, 29° orHocuTenbHO OAHOPOIHBIX 1M noKa3bIBalOTCA aHATOTMYHO YTBEpIK[e-

HUsIM 2° 1 12°, a YTBepikaenue 28° roaydyeHo METOJ0M, aHAJIOTMYHBIM HCIIOJIb30BAaHHOMY IpPH J0Ka3a-

TenbcTBe YTBEpaKaenus 19°.

*

* *

HOJ'Iy‘{eHHBIe B paGOTe pe3ybTaTbl MOTYT OBITh HCIIONb30BaHbI npu MOACIMPOBAHUN PEAJIbHBIX

MPOHU3BOACTBCHHBIX MPOLECCOB, YUUTBIBAIOIIHUX HTIL
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ABSTRACT. The article analyzes concepts of technological progress neutrality according to Hicks, Harrod,

and Solow. It also describes sets of aggregate production functions inclusive neutral technological progress,
extended Hicks neutral technological progress and complete Hicks neutral technological progress. Besides,
analytical types of dynamic production functions are specified with the view of Harrod neutral technological
progress and Solow neutral technological progress. Additionally we designate classes of homogeneous production
functions responsive to Hicks neutral technological progress, Harrod neutral technological progress and Solow
neutral technological progress. Analytical links between such concepts as neutral, extended neutral and complete
Hicks neutral technological progress are revealed. All issues covered the article suggests generalizations of
Hicks-neutrality, Harrod-neutrality, Solow neutrality concepts and correlates them with the corresponding sets
of aggregate dynamic production functions. Analytical criteria that aggregate production functions have Hicks
neutral technological progress, Harrod neutral technological progress and Solow neutral technological progress
are given. The results obtained in this article can be used for modeling real production processes as part of
technological progress.
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